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Par les gosses battus, par l’ivrogne qui rentre
Par l’aˆne qui rec¸oit des coups de pied au ventre
Et par l’humiliation de l’innocent chaˆtie´
Par la vierge vendue qu’on a de´shabille´e
Par le fils dont la me`re a e´te´ insulte´e
Je vous salue, Marie1
To Theres and Seraina, to the memory of Marta
ON CM Zp-EXTENSIONS AND THE LEOPOLDT
CONJECTURE FOR CM FIELDS
PREDA MIHA˘ILESCU
Abstract. We show that Leopoldt’s conjecture holds in CM fields. For
the proof we construct a CMZp-extension of some CM field in which the
Leopoldt conjecture is supposed to fail, and using the classes of primes
which are completely split in this extension, we derive an contradiction.
The method of proof can be described as a stability check of Λ-modules
under deformations in Thaine shifts.
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1. Introduction
Let p be an odd rational prime and K/Q be a finite galois CM extension
with group ∆, of which we shall assume that it contains the p-th roots of
unity. We denote by K∞ the cyclotomic Zp-extension of K and L any other
Zp extensions. The intermediate fields will be Kn, resp. Ln.
If L/K is an arbitrary Zp-extension, with group Γ ∼= Zp, generated by
τ ∈ Γ as a topological generator, the Iwasawa algebra is Λ = Zp[[T ]], T =
τ − 1. The intermediate fields are Ln ⊂ L and, if L = K∞ is the cyclotomic
Zp-extension, then we always assume that Kn = Ln contains exactly the
pn-th roots of unity, but not the pn+1-th ones; this can be achieved by an
adequate numeration, at least for some sufficiently large n.
We write τn = (T + 1)
pn−k for the power of τ that generates the fixing
group of Kn, and ωn = τn − 1; νn+j,n = ωn+j/ωn, j > 0. The p-parts of
the ideal class groups of Kn,Ln are An = A(Kn), A(Ln) and A = A(K) =
lim←−nA(Kn), A(L) = lim←−nA(Ln); the groups A
′
n, A
′ are defined like An, A,
with respect to the ideal classes of the p-integers of Kn,Ln. The groups
Bn ⊂ An are the maximal subgroups generated by classes containing ram-
ified primes above p and B = lim←−nBn, while A
′ = A/B. We note that
the base field K can be modified within the same Zp-extension, by replac-
ing K with Kn, say. As a consequence, the Iwasawa algebra may become
Λ′ = Zp[[ωn]].
1.1. Notation and questions. For arbitrary number fields K, the cyclo-
tomic Zp-extension is denoted by K∞. In some parts of this paper we shall
consider also a further Zp-extension L/K, setting some important additional
conditions on the intersection L∩K∞. In such context we encounter at least
two different Iwasawa algebras; additional variation can result from chang-
ing the base field as mentioned above. We restrict our introductory notation
and remarks to the above; the precise choices and adequate notations for
combined extensions will be introduced in the given context. Here we still
restrict to the context of one single, not necessarily cyclotomic, Zp-extension
L/K and introduce some additional concepts and notations.
Definition 1. For f ∈ Zp[T ] a distinguished polynomial and M an addi-
tively written Λ-torsion module, we write
M(f) = {a ∈ A : ∃m : fm(T )a = 0} and
M [f ] = {a ∈ A : f(T )a = 0}.(1)
If X is a finite abelian p-group, its exponent is exp(X) = min{pm : pmX =
0}. The subexponent is the smallest size of a cyclic direct summand in X,
thus sexp(X) = min{ord(x) : x ∈ X \ pX}.
We let F (A) ⊂ A be the maximal finite Λ-submodule of A, while A◦
denotes the Zp-torsion submodule, so F (A) ⊂ A◦.
If K is a number field, we denote its units by E(K) = O×(K). Dirich-
let’s unit theorem states that, up to torsion made up by the roots of unity
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W (K) ⊂ K×, the units E = O(K)× are a free Z - module of Z - rank
r1 + r2 − 1. As usual, r1 and r2 are the numbers of real, resp. pairs of
complex conjugate embeddings K →֒ C. We consider the set P = {℘ ⊂
O(K) : (p) ⊂ ℘} of distinct prime ideals above p and let
Kp = Kp(K) =
∏
℘∈P
K℘ = K⊗Q Qp
be the product of all completions of K at primes above p. Let ι : K →֒ Kp
be the diagonal embedding. We write ι℘(x) for the projection of ι(x) in the
completion at ℘ ∈ P . If y ∈ Kp, then ι℘(y) is simply the component of y in
K℘. If U ⊂ K×p is the group of units, thus the product of local units at the
same completions, then E embeds diagonally via ι : E →֒ U .
Let E = ι(E) =
⋂
n>0 ι(E) · Up
n ⊂ U be the p-adic closure of ι(E); this
is a Zp - module with Zp-rk(E) ≤ Z-rk(E) = r1 + r2 − 1. The difference
D(K) = Z-rk(E)− Zp-rk(E)
is called the Leopoldt defect. The defect is positive if, in the idelic embedding,
units which are Z-independent, are related p-adically. Equivalently, if the p
- adic regulator of K vanishes.
Leopoldt suggested in [12] that D(K) = 0 for all number fields K. This
conjecture of Leopoldt was proved for abelian extensions by Brumer [4] in
1967, using a result of Ax [1] and a local version of Baker’s linear forms in
logarithms [3]. It is still open for arbitrary non abelian extensions. Since
1967 various attempts have been undertaken for extending the results of
[4] to non abelian extensions, using class field theory, Diophantine approx-
imation or both. The following very succinct list is intended to give an
overview of various approaches, rather than being an extensive list of re-
sults on Leopoldt’s conjecture. In [7], Greenberg notes a relation between
the Leopoldt Conjecture and a special case of the Greenberg Conjecture: he
shows that Leopoldt’s Conjecture implies that A(T ) (see §1.1. for the defi-
nitions) is finite for totally real fields, i.e. the Greenberg Conjecture holds
for the T - part.
Emsalem, Kisilevsky and Wales [5] use group representations and Baker
theory for proving the Conjecture for some small non abelian groups; this
direction of research has been continued in some further papers by Em-
salem or Emsalem and coauthors. Jaulent proves in [10] the Conjecture for
some fields of small discriminants, using the phantom field Φ which we de-
fine in the Appendix. Currently the strongest result based on Diophantine
approximation was achieved by Waldschmidt [16], who proved that if r is
the Z - rank of the units in the field K, then the Leopoldt defect satisfies
D(K) ≤ r/2.
The connection of Leopoldt’s conjecture to class field theory was already
noted by Iwasawa in [8]. He shows that if Ω(K) ⊃ K∞ is the maximal
p-abelian p-ramified extension of K, then Gal(Ω(K)/K) ∼ Znp , where n =
r2 + 1 + D(K); the proof of this fact is in any text book on cyclotomy and
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Iwasawa theory. For CM extensions K, the contraposition of the conjecture
herewith reduces to the statement that K+ has more Zp-extensions than
just the cyclotomic one. It is this assumption which we shall use and lead
to a contradiction. If Leopoldt fails thus for K+ and if L+/K+ is a further
Zp-extension, it will be totally real and L = L
+ ·K will be a CM extension.
Starting from this fact, we prove in this paper:
Theorem 1. For odd primes p, the Leopoldt defect vanishes in arbitrary
CM extensions K.
We shall use the following notations, for arbitrary fields K: the maximal
unramified p-abelian extension is H(K). If K is CM, then complex conjuga-
tion acts on galois groups, and maximal extensions split naturally in plus and
minus parts: for instance, H+(K) is the subfield fixed by Gal(H/K)1−, with
 ∈ Gal(K/Q) the restriction of complex conjugation to this field. The max-
imal p-abelian, p-ramified extension is denoted by Ω(K) and M(K) ⊂ Ω(K)
is the product of all Zp-extensions of K, while K∞/K is the cyclotomic
Zp-extension.
For CM extensions we define M+(K) = M(K+) ·K. The Leopoldt con-
jecture holds for K iff M+(K) = K∞, and in general we have the rank
equality
Zp-rk(Gal(M
+(K)/K)) = D(K) + 1.
The term 1 on the right hand side stands for the cyclotomic Zp-extension,
which is the only one which is expected to exist, if Leopoldt’s conjecture
is true. We note that M+(K) is also the product of all CM Zp-extensions
of K and Leopoldt’s conjecture thus claims that K has only one CM Zp-
extension, namely the cyclotomic one. The CM property of Zp-extensions
plays a crucial role in our proof.
Remark 1. A. If K−1 is a field for which D(K−1) > 0, then it is known
that the same holds for arbitrary finite algebraic extensions K/K−1;
this is noted, for instance, by Laurent in the introduction to [11].
We shall use negative indices for designing number fields which will
first be enlarged for certain purposes, before considering actual Zp-
extensions. We thus keep the notation K for base fields of the Zp-
extensions of interest.
It follows from the fact that the linear relations between Z-generators
of the units of E(K1), which arise upon p-adic completion, will be
preserved under the embedding into the units E(K).
B. If K is a CM extension containing the pm-th roots of unity and
L+/K+ is a p-ramified cyclic extension of degree pm, then there is
a class a ∈ A−(K) such that L+ · K = K[a1/pm ] in the sense that
for each A ∈ a there is an α ∈ A(1−)pm with L = K[α1/pm ]. We
shall use this notation for explicit Kummer extensions throughout
the paper.
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The following result has been proved independently by Babaicev [2] and
Monsky [13]:
Theorem 2. Let K be a number field and let M be the product of all of its
Zp-extensions. Then there is an absolute bound B = B(K) > 0 such that
for all Zp-subextensions K ⊂ L ⊂ M, we have µ(L) ≤ B(K), where µ(L) is
Iwasawa’s µ constant for L.
It will be used in our proof for bounding the µ-constant for CM Zp-
extensions.
1.2. Plan of the proof. The proof is inspired by a construction of Iwasawa
for showing that there exist Λ-extensions with µ > 0. We assume that K
is some CM extension for which the Leopoldt defect does not vanish, and
create first an auxiliary extension K ⊃ K which also has positive Leopoldt
defect, together with some additional properties. We then construct a CM
Zp-extension L/K with L∩K∞ = KN for some large N , and such that there
is a prime q ∈ aN ∈ A−(KN ) which is totally split in L/Q. The class aN
is induced by ideal lifts from an abelian extension k that we can control.
We then define F ⊂ Q[ζq] the subfield of degree p, with q the rational prime
above q and let L′ = L · F, an extension in which the split primes above
q will ramify. The explicit construction is described in the first section of
Chapter 3. If x ∈ A(L) for some Zp-extension L/K, we distinguish the case
when Λx is infinite of finite p-rank (the λ-type) or infinite of bounded order
(the µ-type). Modules which can be split into cyclic submodules of the two
kinds are called decomposed1. We let Qn ⊂ L′n be norm coherent ramified
primes above the split primes qn ⊂ Ln, above q. Letting bn = [Q1−n ], we
show that the sequence of classes b = (bn)n∈N ∈ A−(L′) must necessarily be
indecomposed – otherwise a contradiction is easily obtained.
Growth and decomposition of Λ-modules play an important role in our
proof, and they are investigated at length in the second chapter. We show in
particular that we may choose K such that TA−(L) is a decomposed module,
for all CM - Zp-extensions L/K. Thus, the sequence is not far from being
decomposed, and in fact we have Tb = bλ+ bµ. The ramification conditions
will in fact imply that bλ ∈ ι(A−(L)). This particular condition will lead to
a contradiction with the choice of k, a contradiction which shows that the
extension L cannot exist.
The CM property of our extensions has an important contribution to
the simplicity of the proof, in that capitulation is reduced to a Zp-cyclic,
well understood submodule. This simplifications are treated in §2.4. The
structure of b and its decomposition is governed by consequences of the
construction and the Hasse Norm Principle. These consequences are derived
in §3.2.
1See below for the formal complete definition.
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2. Growth, stability and decomposition of Λ-modules
In this section L/K is an arbitrary Zp-extension of the base-field K, which
is assumed to be galois over Q and contain the p-th roots of unity, for
simplicity. In addition, the primes above p are assumed to be completely
ramified in L/K. In this section we develop several properties concerning
the growth and stabilization of Λ-modules along intermediate extensions
of a Zp-extension, as well as some properties of the module of decomposed
elements. These properties will be used in the next chapter in order to define
a particular tower of extensions with respect to which we shall perform the
proof of the main Theorem. In both chapters, base fields will be denoted
by K or some related notation, and we consider one or more Zp-extensions
thereof. In particular, the precise properties of the base field K for which
we perform the final proof, will be only given in the third chapter.
The Iwasawa algebra is defined like in the introduction and we recall that
A is a finitely generated Λ-torsion module. We associate elementary modules
to A as follows:
Definition 2. Let A be a finitely generated Λ-torsion module and E(A) =
E(A)λ
⊕ E(A)µ be an elementary Λ-module, with E(A)µ = ⊕mi=1Λ/(pei)
and E(A)λ =
⊕n
j=1Λ/(f
ej
j ). If E(A) ∼ A are pseudoisomorphic, we say
that the elementary module E(A) is associated to A. The µ-part E(A)µ is
uniquely determined by A, while the distinguished polynomials fj ∈ Zp[T ]
and their exponents e′j occurring in E(A)λ can vary.2
The following notions are connected to Λ-modules:
Definition 3. Let L/K be a Zp-extension and Λ the associated Iwasawa
algebra. Let N be some finitely generated Λ-torsion module. We say that
a ∈ N is of λ-type, if Λa is infinite of finite p-rank and of µ-type if Λa is
infinite of finite order. Finally a is of finite type, if Λa is finite. Accordingly,
N is of one of the three types, if it is generated by elements of one of the
three types. Note that modules of λ or µ-type can contain finite submodules.
The maximal finite Λ-module is F (N) whileM(N) := N◦ is its Zp-torsion
submodule. Note that M(N) is at the same time the module of all elements
which are either of µ- or of finite type. We let L(N) = {x ∈ N : p-rk(Λx) <
∞}, the module of all elements that are either of λ- or of finite type.
An element x ∈ A(L) is decomposable, if there are xλ ∈ L(A), xµ ∈
M(A), such that x = xλ + xµ. It is indecomposable otherwise. If x is
decomposable and x = xλ + xµ = x
′
λ + x
′
µ are two decompositions, then
x′λ − xλ = −(x′µ − xµ) ∈ F (A). The submodule
D := {x = y + z : y ∈ L, z ∈M} ⊂ A
is the module of decomposable elements.
2They can be fixed by assuming they are irreducible. However, such a choice can result
in an increase of either kernel or cokernel, which might be undesirable in certain cases.
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If H/L is the maximal abelian unramified extension of L, we denote the
Artin map by ϕ : A(L)→ Gal(H/L). It is not difficult to see that [A : D] <
∞. Indeed, if ψ : E(A) → A is a pseudoisomorphism, then Ker (ψ) = 0
since the kernel is finite and E(A) has no finite submodule. Thus D′ :=
ψ(E(A)) ⊂ A is a decomposed submodule, thus D′ ⊂ D. Since ψ is a
pseudoisomorphism, the cokernel is finite so Coker (ψ) = A/D′ is finite. A
fortiori, [A : D] ≤ [A : D′] <∞, so A/D is finite.
If x ∈ A \D, the L- and the D-orders of x are, respectively
ℓ(x) = min{j > 0 : pjx ∈ L}, and(2)
δ(x) = min{k > 0 : pkx ∈ D} ≤ ℓ(x).
We may associate the modules to the extension, writing L(L),M(L), F (L)
and note that the canonical submodules L(L),M(L) ⊂ A(L) verify
D(L) = L(L) +M(L), L(L) ∩M(L) = F (L)(3)
Throughout the paper, unless otherwise specified, the distinguished polyno-
mial F (T ) ∈ Zp[T ] will denote the minimal annihilator polynomial of L(L),
i.e. the least common multiple of the minimal annihilators fa(T ) ∈ Zp[T ] of
all elements a ∈ L(A). For x ∈M the order is naturally defined by ord(x) =
min{pk : pkx = 0} and the essential order is ess.ord(x) = ord(T jx) for all
but possibly finitely many j ≥ 0. If ψ :M → E(M) is a pseudoisomorphism,
then ess.ord(x) = ord(ψ(x)), since E(M) has no finite submodules.
Lemma 1. Let x ∈ M and pk = ord(x), p ≤ pl = ess.ord(x) ≤ ord(x).
Then for any g ∈ Λ we have gx = 0 ⇒ g ≡ 0 mod pl and there is a dis-
tinguished polynomial G(T ) ∈ Zp[T ] such that G(T )A ⊂M , while ord(y) =
ess.ord(y) for all y ∈ G(T )A.
If x ∈ A \ D and pδ(x)x = c + z, c ∈ L, z ∈ M , where δ(x) is the order
defined in (2), then c 6∈ pL.
Proof. We fix a pseudoisomorphism ψ : M → E(M). By definition of
the essential order, pl = ess.ord(ψ(x)) and if g(T )x = 0 then ψ(g(T )x) =
g(T )ψ(x) = 0 thus g(T ) ≡ 0 mod ess.ord(x), as claimed.
We show the existence of G(T ) in two steps. First, if F (T ) is a dis-
tinguished polynomial that annihilates L, then F (T )A ⊂ M . If g(T ) is a
distinguished polynomial that annihilates Ker (ψ) = F (A), then the re-
striction ψ : g(T )M →֒ E(M) is injective, so ord(y) = ess.ord(y) for all
y ∈ gM . We may thus choose G(T ) = F (T )g(T ) as a polynomial satisfying
the second claim of the lemma.
Let now x ∈ A\D and assume the final claim is false, so pδ(x)x = c+u =
pγ+u, γ ∈ L. Let y := pδ(x)−1x. Then p(y−γ) = u ∈M and it follows that
u′ := y − γ ∈M too. But then pδ(x)−1x = y = γ + u′ ∈ D, in contradiction
with the minimality of δ. The hypothesis c ∈ pL was thus false, which
completes the proof of the lemma. 
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We introduce the distances dn : A×A→ N as follows: let x, z ∈ A; then
dn(x, z) := p-rk(Λ(xn − zn)); dn(x) = p-rk(Λxn).
We obviously have dn(x, z) ≤ dn(x, y)+dn(x, z) and dn(x) ≥ 0 with dn(x) =
0,∀n > 0, for the trivial module. Also, if f ∈ Zp[T ] is some distinguished
polynomial of degree φ = deg(f), then dn(x) − φ ≤ dn(fx) ≤ dn(x) for
all x ∈ A. We shall write d(x, y) = limn dn(x, y). We may also write
d(u, v) = p-rk(Λ(u − v)) if u, v ∈ Ak, but we know no lifts of u and/or v
to A: the difference consists here in the fact, that u, v appear as individual
elements of Ak, rather then elements of a given norm coherent sequence.
The simplest fact about the distance is
Fact 1. Let x, z ∈ A be such that dn(x, z) ≤ N for some fixed bound N
and all n > 0. Then x − z ∈ L and N ≤ ℓ := p-rk(L). For every fixed
d ≥ 2p-rk(L) there is an integer n0(d) such that for any x ∈ A \ L and
n > n0, if dn(x) ≤ d then x ∈ νn,n0A+ F .
Proof. The element y = x − z generates modules of bounded rank, so it is
neither of µ-type nor indecomposed. Thus y ∈ L and consequently dn(y) ≤
p-rk(Ln) ≤ ℓ for all n, which confirms the claim.
For the second claim, note that if x 6∈ L, then dn(x)→∞, so the bound-
edness of dn(x) becomes a strong constraint for large n. Next we recall that
F (T )x ∈M and since dn(F (T )x) ≤ dn(x), we may assume that x ∈M . Now
dn(x) ≤ d implies the existence of some distinguished polynomial h ∈ Zp[T ]
with deg(h) = d and such that h(T )xn = 0. The exponent ofM is uniformly
bounded by pB , as a consequence of the Theorem of Babaicev – Monsky,
so there is a finite set H ⊂ Zp[T ] from which h can take its values. Let
now n0 be chosen such that νn0,1 ∈ (h(T ), pB) for all h ∈ H. Since m de-
pends on K, it follows that n0 only depends on K too. Then h(T )xn = 0
implies νn0,1(xn) = 0 and thus, by Iwasawa’s Theorem 6 (see also (4) and
Lemma 3 below) there is a z ∈ A such that νn0,1(x) = νn,1(z). Consequently
νn0,1(x − νn,n0z) = 0 and thus x = νn,n0(z) + y for some y and the claim
follows if we show that y := x − νn,n0(z) ∈ F . Since νn0,1y = 0, it follows
that y ∈ L and the result of Sands in Lemma 14 in the Appendix implies
that Λy must be finite, so y ∈ F , as claimed.
We now show that for fixed h ∈ H there is some even m such that νm,1 ∈
(h, pµ). Let the Euclidean division yield
νm,1 = qm(T )h(T ) + rm(T ),
and let ξi ∈ Qp be the zeroes of h. Then
rm(ξi) = νm,1(ξi) =
(1 + ξi)
pm − 1
ξi
= O(pm/2) +O(ξp
m/2
i ).
Since H is finite, there is some lower bound δ with vp(ξi) ≥ δ and the
above identity shows that vp(rm)→∞ with diverging m, so one can choose
m sufficiently large, such that vp(rm) > µ and thus rm ≡ 0 mod pµ, so
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νm,1 ∈ (h(T ), pµ). This can be achieved for all h ∈ H(T ) and the claim is
satisfied by choosing n0 = maxh∈H(m(h)) . 
The arguments of this chapter will take repeatedly advantage of the fol-
lowing elementary Lemma3:
Lemma 2. Let A and B be finitely generated abelian p−groups denoted
additively, and let N : B → A, ι : A→ B be two Zp - linear maps such that:
1. N is surjective.
2. The p−ranks of A and B are both equal to r and |B|/|A| = pr.
3. N(ι(a)) = pa,∀a ∈ A.
Then
A. The inclusion ι(A) ⊂ pB holds unconditionally.
B. Suppose that sexp(A) > p. Then p-rk(A) = p-rk(ι(A))(i.e. ι is
rank-preserving) and ι(A) = pB, while B[p] = Ker (N) ⊂ ι(A).
Moreover, ord(x) = p · ord(ι(Nx)) for all x ∈ B.
C. If sexp(A) > p and there is a group homomorphism T : B → B with
ι(A) ⊆ Ker (T ) and ν := ι ◦ N = p + (p2)T + O(T 2), then ν = ·p,
i.e. ι(N(x)) = px for all x ∈ B.
Proof. Since A and B have the same p-rank and N is surjective, we know
that the map N : B/pB → A/pA is an isomorphism4. Therefore, the map
induced by Nι on the roof is trivial. Hence ι : A/pA → B/pB is also zero
and thus ι(A) ⊂ pB. This confirms the claim A.
We now consider the map ι′ : A/pA → pB/p2B together with N . From
the hypotheses we know that Nι′ is the multiplication by p isomorphism:
·p : A/pA → pA/p2A, using the fact that sexp(A) > p which implies that
p-rk(A) = p-rk(ι(A)). It follows that ι′ is an isomorphism of Fp-vector spaces
and hence ι : A→ pB is surjective. From |B| = pr|A| = pr|pB| we see that
|A| = |pB| and thus ι : A → pB is an isomorphism; it is in particular rank
preserving. The cokernel of ι is an Fp-vector space of dimension r.
Taking Pontrjagin duals, the roles of N and ι are interchanged. Hence the
statement about cokernel of ι implies that the kernel of N is also annihilated
by p and has order pr; it thus coincides with B[p] and since ι is rank preserv-
ing, it follows that B[p] = ι(A)[p] ⊂ ι(A). Let now x ∈ B \pB have order qp
and let r = ord(ι(Nx)). Then N(rx) = rN(x) = 0, so rx ∈ Ker (N) = B[p]
and rpx = 0, thus q|r. Conversely, qx ∈ B[p] = Ker (N), so ι(qN(x)) =
ι(N(qx)) = 0, implying r|q. Therefore q = r = ord(ι(Nx)) = ord(x)/p,
which completes the proof of point B.
For point C. we let x ∈ B, so px ∈ pB = ι(A) and thus Tpx = pTx = 0.
Consequently Tx ∈ B[p] ⊂ ι(A) and therefore T 2x = 0. From the definition
3I owe the proof of the Lemma to Cornelius Greither, who provided an elegant simpli-
fication of my original proof.
4For finite abelian p-groupsX we denote R(X) = X/pX by roof of X and S(X) = X[p]
is its socle.
10 PREDA MIHA˘ILESCU
of ν = p+Tpp−12 +O(T
2) we conclude that νx = px+ p−12 Tpx+O(T
2)x = px,
which confirms the claim C. and completes the proof. 
2.1. Kummer extensions, Property F and stabilization. Iwasawa has
proved in his classical Theorem 6 from [8] a property relating ramification
to the first cohomology of the groups A(Ln). We review here his con-
struction, which shall be generalized for our context; we refer the reader
either to the original paper [8], or the Lemmata 13.14-13.16 in [17]. Let
{Pi : i = 1, 2, . . . , s} ⊂ H be a set of primes above the unique primes
℘i ⊂ K; i = 1, 2, . . . , s above p, which ramify completely in L/K. Since H/L
is unramified, it follows that the inertia groups I(Pi) ⊂ Gal(H/K) ∼= Γ are
all isomorphic to Zp and one can choose topological generators τi ∈ I(Pi)
which restrict to a fixed topological generator τ = τi|L ∈ Gal(L/K). Fol-
lowing Iwasawa [8], we let ai ∈ A be such that τi = ϕ(ai)τ1, i = 2, 3, . . . , s
and identify a lift of τ to Gal(H/K) with τ1. Let Y =
⊕s
i=2 Zpϕ(ai) ⊂ X
and Yn = ωnX + νn,1Y = νn,1(Y + TX). Then Iwasawa’s Theorem 6 in [8]
states that
An ∼= X/Yn, Yn = ωnX + νn,1Y = νn,1(Y + TX) ∀n,(4)
and thus a ∈ A has an = 0 iff a ∈ ϕ−1(Yn). In view of the Lemma 14 in the
Appendix, one verifies that (4) is equivalent to
H1(Γ|Ln , An) ∼= Yn/ωnX ∼= Y/(Y ∩ TX),(5)
the last isomorphism holding only for large enough n. If Y ⊂ TX, or,
equivalently, H1(Γ|Ln , An) = 0 for all n > 1, we say that A(L) has Property
F 5, or simply that L/K has this property.
We retain the above facts for future reference:
Lemma 3. Let L/K be a Zp-extension in which all the primes above p ramify
completely, let Λ be the associated Iwasawa algebra and Γ = Gal(L/K),X =
Gal(H/L). There is a finitely generated Zp-module Y ⊂ X such that (4) and
(5) hold for every n > 0. Moreover, Y 6⊂ TX iff there is some y ∈ A \ TA
with y1 = 0.
We shall be concerned with various phenomena of module stabilization,
for which we start by introducing
Definition 4. Let L ⊂ F ⊂ H be a galois extension of K, let the intermediate
fields be Fn = F∩Hn,Fn = Fn ·L, let Xn = Gal(Fn/L) and X = lim←−n≥0Xn.
Let F = F (X), L = L(X),M = M(X) be the modules in Definition 3,
associated to X.
If F ′ ⊂ F , we say that F ′n is stable, if F ′m ∼= F ′n ∼= F ′ for all m ≥ n.
If L′ ⊂ L then L′n is stable if p-rk(L′n) = p-rk(L′m) = p-rk(L′). Let Yn :=
H0(Gal(Ln/K), An). We say that the H-part is stable (for m > n) if
Yn ∼= Yn−1 ∼= Y (F)/TX for all m > n.
5The name recalls Furtwa¨ngler, who first noted this property in a slightly different
context of class field theory.
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The smallest integer v > 0 such that xv 6= 0 for all x ∈ A(L) \MA(L) is
called the visibility index; more general, if C ⊂ A(L) and I ⊂ Λ is an ideal,
the visibility index of C with respect to I is v := mink{k : xk 6= 0, ∀x ∈
C \ IC}.
The least integer n0 for which F,L,H and M are stable is the stabilization
index of X. It will be useful to assume that the stabilization index addition-
ally fulfills the condition x0 6= 0 for all x ∈ X \ IX. Unless otherwise
specified, the ideal I = M.
Stabilization criteria for the module A were first given by Fukuda [6], in
the case when µ(L) = 0. S. Kleine has studied in his Thesis a large spectrum
of stabilization conditions in multiple Λ-extensions. The result we present
here is a variant of the statements proved by him.
Proposition 1. Let L/K be a Zp-extension in which the primes above p are
totally ramified and let L ⊂ F ⊂ H be a galois extension of K with group
X = Gal(F/L). Then
1. If Xn ∼= Xn+1 6= 0 for some n > 0, then Xn ∼= X and X is finite.
2. If p-rk(Xn) = p-rk(Xn+1) > 0 for some n > 0, then p-rk(Xn) =
p-rk(X) and µ(X) = 0.
3. Let Vn := Xn/TXn; if Vn ∼= Vn+1 6= 0 then Vn ∼= X/TX and
Yn/TXn ∼= Y/TX, the H - part being stable for m > n and X[T ]
finite.
Proof. Let Y = Y (F)
∣∣
F
and Yn = νn,1(Y + TX). We have proved that
Xn ∼= X/Yn and assume without restriction of generality that 1 is the least
integer n for first stabilization in both cases 1. and 2. We have the following
commutative diagram in which Xn → X1 is induced by the map νn,1 while
the horizontal isomorphisms are deduced from the definition of Yn.
Xn ∼= X/νn,1Y
↓ ↓
X1 ∼= X/Y.
(6)
For the first point we assume |X2| = |X1|. ThenX2 → X1 is an isomorphism;
therefore ν2,1Y = Y . Since M = (p, T ) ⊂ Λ is the unique maximal ideal
and ν2,1 ∈ M, and since Y is finitely generated over Λ, it follows from
Nakayama’s lemma that Y = 0. Consequently, X ∼= X1 and Xn ∼= X1 ∼= X
for all n ≥ 1. The condition X2 ∼= X1 readily implies finiteness of the X,
which proves the assertion 1.
Suppose now that p-rk(X2) = p-rk(X1). Then X2/pX2 ∼= X1/pX1 and
thus X/(ν2,1Y + pX) ∼= X/(Y + pX) and ν2,1Y + pX ∼= Y + pX. Letting
Z = (Y + pX)/pX, we have
ν2,1Z = (ν2,1Y + pX)/pX = (Y + pX)/pX = Z.
By Nakayama’s lemma, we conclude that Z = 0 and Y ⊂ pX. Therefore,
p-rk(Xn) = p-rk(X/νn,1Y ) = p-rk(X/(νn,1Y + pX))
= p-rk(X/pX) = Zp-rk(X), for all n ≥ 0.
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By Iwasawa’s formula, for n sufficiently large we have
|Xn| = pµpn+λn+ν ,
and since the rank stabilizes, we see that µ(X) = 0 and |Xn+1|/|Xn| ≥ pλ
with equality iff F (X) = 0. In this case too, µ(X) = 0 is a consequence of
the stabilization condition. This proves assertion 2.
Finally the stabilization of the cohomology part is analogous to point 1.
We have Vn = Xn/TXn = X/(TX + νn,1Y ). Let Wn = νn,1Y so TX +
νn,1Yn = TX + Wn while TX + νn+1,1Y = TX + νn+1,nWn. In exact
sequences
0 → TX +Wn → X → X/(TX +Wn) → 0
0 → TX +Wn+1 → X → X/(TX +Wn+1) → 0,(7)
the isomorphism Vn+1 = X/(TX +Wn+1) ∼= X/(TX +Wn) = Vn implies
that TX +Wn ∼= TX + νn+1,nWn. It follows from Nakayama’s Lemma that
Wn ⊂ TX; indeed, the module Zn := TX +Wn is finitely generated, so let
t1, t2, . . . , tr ∈ TX \MTX be a minimal set of generators of TX. Assuming
that TX 6= Zn there is a minimal set of generators w1, w2, . . . , wj ∈ Wn \
(MZn + TX) such that (Wn + TX)/TX =
∑
j Λwj . But since TX +
Wn = TX + νn+1,nWn, we deduce that
∑
j Λwj = νn+1,n
∑
j Λwj and since
νn+1,n ∈ M it follows that (TX + Wn)/TX = 0, and νn,1Y ⊂ TX. A
fortiori νm,1Y ⊂ TX and thus Zm = X/TX for all m > n. It follows in
particular that X/TX is finite and since |X/TX| = |Xn/TXn| = |Xn[T ]|
for sufficiently large n, if follows that H0(Gal(Ln/K), Am) is stable for m >
n. 
The strength of this Fukuda-type result is that it shows that the first
stabilization occurring within the projective sequence of galois groups Xn
readily implies global stabilization.
The stabilization conditions above require no a priori knowledge about
the shape of X. Moreover, if H is stable, then all x ∈ A\MA are visible. It
is however not possible to determine stabilization of µ- parts from internal
data, as the following example shows:
Example 1. Let K = Q[
√−d] be an imaginary quadratic field with trivial p-
part of the class field and let K∞ be its cyclotomic Zp-extension. For n > 0
we consider a principal prime ideal q = (γn) ⊂ Kn, which is totally split
over Q and also splits in K[ζp]. If q ∈ N is the rational prime above it, then
q ≡ 1 mod p and we let F ⊂ Q[ζq] be the subfield of degree p while L = K ·F.
Then it can be shown (see next chapter), that there is an ideal R ⊂
Ln = Kn · F with class rn = [R/R] and such that NL/K(rn) = 1, while
Λrn ∼= Λ/(p, ωn). Assuming that A−(L) = Λr for a norm coherent sequence
containing rn, we see that A
−(L) has µ-like growth up to level n, but since
µ(L) = 0 by the Theorem of Ferrero-Washington, the p-rank of Λrm must
stabilize for some m > n. This fact cannot be detected by analyzing the
sequence r1, r2, . . . , rn.
LEOPOLDT’S CONJECTURE 13
Of course, rank stabilization eventually takes place in this example, so it
can be detected by Proposition 1. Therefore it would be interesting to
know whether, in the case when µ > 0, the rank stabilization of some
submodule can be perceived. A partial answer is contained in Proposition
1, which allows choosing subfields of the Hilbert class field – so the question
is transformed into one of constructing an adequate subfield.
We now give some applications of the Fukuda result. We keep the same
notation for K ⊂ L ⊂ F ⊂ H′ ⊂ H, with H′ being the maximal subextension
of H which splits all the primes above p.
We let H(l) = Hϕ(M), where M = A◦ and H(t) = HTϕ(A), the indicator
for stabilization of H-parts. The galois groups are
X = Gal(H/L), X(x) = Gal(H(x)/L), x ∈ {l, t}.
The Proposition 1 can be applied to these extensions in order to establish
the stabilization index n0 of L. As a direct consequence we have
Fact 2. Let x ∈ X(l); for n beyond the stabilization index nl of X(l) and for
all k > 0, we have ιn,n+k(xn) = p
kxn+k.
Proof. The choice of nl implies that p-rk(X
(l)
n ) = p-rk(X
(l)
n+1) = p-rk(X
(l)).
For k = 1, we let B = X
(l)
n+1 and A = X
(l)
n . Then N, ι are the restriction
NKn+1,Kn and the lift map. The choice of n also implies that sexp(A) > p
and we let T = ωn in Lemma 2. We deduce from point C that
ιxn = pxn+1,(8)
which is the statement for k = 1. The general case follows by induction on
k, letting A = X
(l)
n+i, B = X
(l)xn+i+1 for i = 0, 1, . . . , k − 1, successively,
and applying the result for k = 1 established previously. Indeed, assume
that for all j ≤ i we have ιn,n+i(xn) = pixn+i. Using also the fact that
ιn+i,n+i+1(xn+i) = pxn+i+1 which follows from t(8), we find
ιn,n+i+1(xn) = ιn+i,n+i+1 (ιn,n+i(xn)) = ιn+i,n+i+1(p
ixn+i)
= pi+1xn+i+1,
and thus it follows by induction that ιn,n+i(xn) = p
ixn+i and the claim
follows by letting i = k. 
2.2. Decomposition. We let L/K be some Zp-extension in which all the
primes above p are totally ramified and pB be the exponent of A◦. We let
n0 > 0 be an index such that
sexp(Ln0) ≥ p4 and p-rk(Ln) = p-rk(Ln0) ∀n ≥ n0.(9)
Note that the condition (9) is fulfilled by all submodules L′ ⊂ L which are
spanned by elements of infinite order – or such ones of order at least p4. We
assume, without loss of generality, that this is the case for L too. We note
the following
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Fact 3. With the notations of this section, for all n > n0 and all x =
(xn)n∈N ∈ L, we have
Ln+2[p
2] ⊂ ιn,n+2(Ln) and ωn · ωn0(xn+1) = 0.
Proof. By hypothesis, we have sexp(Ln) ≥ p4; since exp( Ker (ιn,n+2 : Ln →
Ln+2)) = p
2, it follows that sexp(ιn,n+2(Ln)) ≥ p2. The ranks are conserved,
by hypothesis, so we conclude that ιn,n+2(Ln) ⊃ Ln+2[p2]. For arbitrary
n ≥ n0 we have pxn+1 = ιn,n+1(xn) and thus ωnxn+1 ∈ Ln+1[p]. The second
fact will now be proved by induction on n.
For n = n0 we have ωnxn+1 ∈ Ln+1[p] ⊂ ι(Ln0), and thus ωnωn0(xn+1) =
0. Let now n > n0 be fixed and assume that ωnωn0(xn+1) = 0. Using
ωn+1 = ωn · νn+1,n = ωn · (pu(ωn) + ωp−1n ),
we conclude that
ωn0ωn+1(xn+2) = ωn0ωnpu(ωn)(xn+2) + ωn0ω
p
n(xn+2)
= ιn+1,n+2 (ωn0ωn(xn+1)u(ωn)) + ωn0ω
p
n(xn+2) = ωn0ω
p
n(xn+2)
where the last equality follows from the induction hypothesis. Now p2ωnxn+2 =
ιn,n+2(ωnxn) = 0, hence ωnxn+2 ∈ Ln+2[p2] ⊂ ιn,n+2(Ln) and thus ω2nxn+2 =
0, which completes the proof. 
We let B be an upper bound for vp(µ) over the µ invariants of all Zp-
extensions of K, so pB is a safe upper bound for exp(M(L)/F (L)). We let
F (T ) ∈ Λ be the minimal annihilator polynomial of L(A) and note that
D := A/D is a finite Λ-module. We shall also assume, without restriction
of generality, that n0 = 1 for our base field K: this can be achieved by a
shift up of the base field.
Passing to decomposition, we note the following property:
Lemma 4. Let L/K be a Zp-extension satisfying the condition (9) and let
the further notations be as defined above. The modules D,M,L, F are de-
fined with respect to A. If px ∈ D then T 2x, ω2x ∈ D.
Moreover, if x 6∈ D but px, Tx ∈ D and Tx = xλ+xµ, then ord(xµ,1) = p
and xµ,1 = −xλ,1.
Proof. Let w ∈ A\(MA+D) and suppose that l ≤ B is the smallest integer
such that plw ∈ L and let fw(T ) be the minimal annihilator polynomial of
plw. Then y := fw(T )w ∈ M and ply = 0. There is some 0 < d ≤ l ≤ B
such that x := pd−1w verifies x 6∈ D but px ∈ D; note that l, d are the orders
introduced in (2). Let X = {x ∈ A \D : px ∈ D} ⊂ A and X ′ ⊆ X be the
set of those elements that arise as described above. Then
pjxn+j − ιn,n+j(xn) ∈ fx(T )Λxn+j ⊂ Λyn+j, ∀j > 0.
In particular ιn,n+l(xn) = p
lxn+l − hn+l(T )(fxxn+l) is decomposed and for
n > n0 and x ∈ A \D such that ord(plxn) > p, we have
plxn+l − ιn,n+l(xn) = fx(T )hn(T )xn+l ∈Mn+l.(10)
LEOPOLDT’S CONJECTURE 15
Indeed, consider the modules B = Λxn+1/(fxΛxn+1) and A = Λxn/(fxΛxn).
Since ιn,n+1(xn) 6∈ fxΛxn+1 for n > n0 – as follows from the condition
imposed on the orders – the induced map ι : A → B is rank preserving.
We can thus apply the Lemma 2, which implies the claim (10), and deduce
under the above hypothesis on n, that
plxn+l = p
l−1cn+l = ιn+1,n+l(cn+1) = ιn,n+l(xn) + hyn+l, h ∈ Zp[T ].
By Fact 3 and the choice of K such that n0 = 1, we have ωnTcn+1 = 0.
Applying ωn to the above identity we find Thωnyn+l = 0. The relation (4)
implies that there is some z ∈ A such that T 2hωny = ωn+lz. In addition, we
have plωn+lz = 0. The result of Sands of Lemma 14 yields z ∈ M + A[T ].
Then ωn(T
2hy − νn,n+lz) = 0 implies T 2hy ∈ νn,n+lz + A[T ] + F . Since
hy ∈M , it follows that z ∈M and T 2hy ∈ νn,n+lz−φ, say, for some φ ∈ F .
Reinserting this relation in the initial identity, we find
ιn,n+l(T
2xn + zn) = ιn+1,n+l(T
2cn+1)− φn+l(11)
Note that the right hand side is in L and thus has uniformly bounded
p-rank. This leads to the following two proofs for the fact that (11) implies
that T 2x must be decomposed. For the first, we invoke the Lemma 1 with
respect to the sequence w(n) = T 2x+ z, where the upper index stresses the
fact that the choice of z depends on n. Since dn(ιn+1,n+l(T
2cn+1)) ≤ p-rk(L)
for all n, the Lemma 1 implies that there is an uniform n0 > 0 such that
w
(n)
n ∈ νn,n0A+ F . But then
w(n)n = ιn,n+l(T
2xn + zn) = νn,n0(an + fn) ∈ ιn0,n(An0).
It follows in particular that
ord(T 2xn + zn) ≤ plord(ιn,n+l(T 2xn + zn)) ≤ pl exp(An0).
This holds for arbitrary large n and since zn ∈ M we have ord(T 2xn +
zn) = ord(T
2xn), thus obtaining a contradiction if T
2xn 6∈ D, case in which
ord(xn)→∞.
The second proof uses topological facts. If f ∈ Zp[T ] is the minimal
annihilator polynomial of pmx and thus of c, then we found that for every
n there is a z = z(n) ∈M such that fT 2xn + fz(n)n = 0, thus
wn := −T 2yn = f(T )z(n), z(n) ∈M.
Let m > n; by definition, we have wm = f(T )z
(m)
m and, since w = −T 2y
is a norm coherent sequence, a fortiori, wn = f(T )z
(m)
n . We may assume
that z(m) = z(n) and therefore, upon extracting subsequences from the se-
quence z(n), the defining condition wn = f(T )z
(n) is conserved. Since M
is a Noetherian module, we may choose a minimal system of generators
u(i) ∈ M \MM, i = 1, 2, . . . , s and let z(n) = ∑si=1 c(n)i u(i), c(n)i ∈ Λ, where
the representation is not unique. We obtain thus a sequence (Cn)n∈N with
Cn =
(
c
(n)
i
)s
i=1
∈ Λs. In the M-adic product topology, Λs is a compact
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space. Letting pBM = 0, we see that we may choose c
(n)
i ∈ Zp[T ] as
polynomials with degree deg(c
(n)
i ) ≤ degωn and coefficients of valuation
at most B. There is a converging subsequence Cni . After eventual renu-
meration, we may thus assume that the sequence Cn is convergent. Let
C = (ci)
s
i=1 = limn Cn and let for all n the polynomial ωn,B ∈ Z[T ] have
coefficients in {0, 1, . . . , pB − 1} and verify ωn,B ≡ ωn mod pB . Note that
the polynomials c
(n)
i are all defined modulo ωn,B, while ci is defined modulo
pB. After eventually extracting a new subsequence, we may assume that
the Cn are such that
c
(n)
i − ci ∈ ωn,BΛ, for all n > 0 and i = 1, 2, . . . , s.(12)
Let z = limn z
(n) =
∑
i ciu
(i). From wn = f(T )z
(n) we deduce that wn =∑
i f(T )c
(n)
i u
(i)
n and since c
(n)
i ≡ ci mod ωn,B it follows that wn =
∑
i f(T )ciu
(i)
n =
f(T )zn. We have thus proved that w = f(T )z for some z ∈ M and thus
f(T )(z + T 2x) = 0, hence z ∈ T 2x + L, which proves that T 2x ∈ D as
claimed. Moreover, ω2 = T (pu(T ) + T
p−2) and since px and T 2x ∈ D it
follows also that ω2x ∈ D, which completes the (second) proof of the first
statement.
Suppose now that Tx = xµ + xλ and pxµ = xµ,1 = 0. Let N − p =
psf2(T ) + s
p−1, f2(T ) ∈ Λ×, and note that, in stable growth, ωnxλ,n+1 ∈
Ln+1[p] and thus ω
2
nxλ,n+1 = pωnxλ,n+1 = 0. Since pxµ = 0, we have
−pxn+1 + ιn,n+1xn = pν1,nf2(ωn)(xλ,n+1 + xµ,n+1) + ν1,nωp−2n (xλ,n+1 + xµ,n+1)
= TDn−1xµ,n+1, Dn = deg(ωn+1 − ωn) = deg(νn,n+1).
Writing rn+1 for the right hand side in the above identities, we consequently
obtain ωnrn+1 = νn+1,1xµ,n+1 = xµ,1 = 0. By Lemma 3, there is thus some
z ∈ A such that ωnr = ωn(νn+1,n − p)x = ωn+1z, so r = νn,n+1(zn+1) and
consequently ιn,n+1(xn+1 − zn+1) = −pxn+1 ∈ Ln. However, we have seen
that for x 6∈ D and y ∈ D, the distance dn(x, y) → ∞; in particular the
distance on the left hand side of the last identity will diverge, while the right
hand side has upper bounded distance, since px ∈ L. This contradiction
implies that for x ∈ A \ D such that px, Tx ∈ D, we must have xµ,1 6= 0.
Since xµ,1 + xλ,1 = Tx1 = 0, it follows that xµ,1 = −xλ,1. Since we assume
that the growth of A is stable from the ground field, we have ord(xλ,2) =
pord(xλ,1) = ord(Tx2) = p, thus ord(xλ,1) = ord(xµ,1) = p, which completes
the proof. 
For individual Zp-extensions, we have:
Proposition 2. Let L/K be a Zp-extension and A,Λ be associated to L as
usual. If pB is the exponent of A◦, then M2BA ⊂ D(A) and ωBA ⊂ D(A).
Proof. For x ∈ A we let k = ordD(x) = min{j : pjx ∈ D} be the decompo-
sition order of x. The proof will follow by induction on k, on base of the
Lemma 4
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For k = 1, it is a direct consequence of the lemma, sinceM2 = (p, pT, T 2).
Assume that the statement holds for all x ∈ A with ordL(x) < k and note
that M2k = (p2, pT, T 2)M2(k−1). Since we assumed that pkx ∈ D, it follows
that px has order k−1 and by induction hypothesis, we have pM2(k−1)x ⊂ D.
For arbitrary w ∈M2(k−1)x we have thus pwx ∈ D and the Lemma 4 implies
that T 2wx ∈ D. The choice of w being free, it follows that T 2M2(k−1)x ⊂ D
too, hence M2kx ⊂ D. This holds for all k, and letting k = m we conclude
that M2mA ⊂ D, which completes the proof. The fact ωmA ⊂ D follows
from Lemma 4 by induction too, the proof being similar. 
As a consequence,
Corollary 1. Let pB be the exponent of M and suppose that n′ > n0 + B
with n0 the stabilization index of L; if we shift the base field according to
K1 = Kn′ and redefine Λ accordingly, then TA ⊂ D.
Proof. Let us write Λ(0), T (0), ω(0), etc for the Iwasawa algebra and its ele-
ments, defined with respect to the initial base field K(0), say. We have then
T = ω
(0)
n′ . A simple computation shows that ωn ∈ Mn for all n, so then
ω
(0)
n′ ∈ (M(0))2B and the claim follows from the Proposition 2. 
The results above are indicative for what can be achieved in full generality.
In our context, we shall need the following specific application for CM fields:
Lemma 5. Let K′ be a CM galois extension of Q containing the p-th roots
of unity and let L′/K′ be a Zp CM extension. The modules A,D,L, F are
defined with respect to this extension and we consider x ∈ A− such that
px = c+v ∈ D− with c ∈ L−, v ∈M−, such that ωnTcn+1 = 0 for all n ≥ 0.
Then Tx ∈ D−
Proof. The proof is identical to the one of Lemma 4. Note the difference in
premise: here we cannot make a global statement on the stability of L− for
all n > 0, but we do have sufficient information about the decomposition of
px, so that the proof can be completed like in the proof of the Lemme 4,
the details being left to the reader. 
2.3. On CM Zp-extensions of number fields. In this section we gather
several properties of CM Zp-extensions which are the base for our approach;
recall that the occurrence of CM Zp-extensions different from the cyclotomic
one, is equivalent to the failing of Leopoldt’s conjecture for CM fields K. We
let K be some galois CM number field for which the Leopoldt conjecture fails
and let K∞ be its cyclotomic Zp-extension. We let M be the compositum of
all the Zp-extensions of K, letM
+
0 be the compositum of all the Zp-extensions
of K+ and M+ = K ·M+0 ⊂M.
The radicals of M+ as a Kummer extension of K∞ are intimately related
to the failure of Leopoldt’s conjecture and the T ∗-part of the class group,
by the following folklore result, which holds in the cyclotomic Zp-extension
of a field:
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Proposition 3. Let K be a CM field which contains the p-th roots of
unity and A(K) = lim←−nA(Kn) be defined with respect to the cyclotomic Zp-
extension. Then
Zp-rk(A
−[T ∗]) = D(K),
and in particular Leopoldt’s conjecture fails for K iff A−[T ∗] 6= 0. Moreover
M+ ⊆ K∞[(A−(T ∗))1/p∞ ].(13)
In particular, for every CM Zp-extension L/K there is a class a ∈ A−(T ∗) \
T ∗A−(T ∗) such that L ·K∞ = K∞[a1/p∞ ].
The proof of the proposition is given in the Appendix.
For the cyclotomic Zp-extension, it is known that A
−(K∞) has no finite
p-torsion submodule. In the case of non-cyclotomic CM Zp-extensions, this
fact is almost true, namely:
Lemma 6. Let K be a CM extension containing the p-th roots of unity
and L/K be a CM Zp-extension with L ∩ K∞ = KN , N > 1 and write
LN := KN ; [LN+n : KN ] = p
n. If µpN ⊂ L but µpN+1 6⊂ L then the finite
torsion submodule C− := F (A−) ⊂ A− is a cyclic group of order pN . If
a = (an)n∈N is a generator of C
−, then
LN+m = LN+m−n[a
1/pn
N+m−n] for all m,N ≥ n,(14)
with the root of a class defined like in Remark 1. Suppose that T ∗ = T −
pk, 1 ≤ k ≤ N is the Iwasawa involution and assume that N is chosen such
that
p2ka 6= 0 for all a ∈ A−N−1(T ∗) ⊂ pA−N (T ∗).(15)
Then T ∗C− = 0.
Proof. Let c ∈ C− \ pC− generate a direct term of order q := pj; j ≤ N
in the abelian p-group C−. Let C ∈ cm,m > N be a prime ideal. Since c
is a finite torsion element, it follows that ιm,∞(cm) = 0, so we may assume
that l ≥ j is the least integer such that ιm,m+l(cm) = 0. In the sequel we
show that we must in fact have l = j. Let Cq = (d) and ιm,m+l(C) = (δ).
Since L is CM, we conclude from Kronecker’s unit Theorem, after eventually
modifying δ by some root of unity, that
δ/δ = (d/d)q.
We can thus apply Kummer theory in the abelian cyclic extension Ll+m/Lm.
The minimality of l implies that δ/δ 6∈ ((Lm+l−1)×)q. By an inductive
repetition of the argument, it follows that ord(ιm,m+l−j(cm)) = ord(cm) and
ιm,m+l−j(Zcm) ∼= Zcm; thus
Lm+l = Km+j−l[(d/d)
1/q] = Lm+l−k[c
1/q
m ].(16)
This implies j = l; according to point B in the Remark 1, there is a class
am ∈ A−m of order ord(am) = pj, such that Lm+j = Lm[a1/p
j
m ]. One verifies
by using the same computations as above, that ιm,m+N (am) = 0. Taking a
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norm coherent sequence a = (ai)i∈N through am, we see that ord(a) ≥ pN .
Together with the inequality j ≤ N , we conclude that exp(C−) = pN .
Moreover, we have shown that there is a sequence a = (am)m∈N ∈ C− with
ord(a) = pN and Lm+N = Lm[a
1/pN
m ] for all (sufficiently large) m.
We claim that C− is C− is Zp-cyclic, so C
− = Za. Since C− is a
finite abelian p-group, we have p-rk(C−) = dimFp(C
−[p]) = dimFp(C
−/pC−).
We show that C[p] ∼= Fp, and thus p-rk(C−) = 1. Let m be fixed and
cm ∈ Cm[p] be a class, the primes of which become principal in Lm+1. If
C ∈ cm is a prime, (γ) = Cp and (δ) = ιm,m+1(C), then we showed that we
may assume γ1− = δp(1−). On the other hand, we have shown above that
the sequence a can be chosen such that Lm+N = Lm[a
1/pN
m ] and in particu-
lar Lm+1 = Lm[a
1/p
m ]. Concretely, let (γ) = A
pN
m ,Am ∈ am. Then Kummer
theory implies that there is an integer v, coprime to p, such that
α
α
=
(
γ
γ
)v
· wp, w ∈ L×m.
Then (C/Avp
N−1
m )1− = (w) and, in terms of classes, we conclude that cm =
avp
n−1
m . Since cm was chosen arbitrarily, it follows that am generates C
−
m and
thus C− = Za is a cyclic p-group of order pN .
Finally, T ∗C− = 0 follows from the Proposition 3. Indeed, we have
L2N = LN [a
1/pN
N ] and the proposition implies that aN ∈ AN [T ∗], with T ∗ =
T − pk for some fixed k < N , which depends on the choice of K. Since the
annihilator polynomial fa(T ) is linear, say f − a = T − vpj and T ∗aN =
fa(T )aN , it follows that aN (q − vpj) = 0; if fa 6= T ∗, then qaN = 0. This is
inconsistent with the choice of N , which completes the proof. 
As a consequence:
Lemma 7. Suppose that L/K is a CM Zp-extension in which all the primes
above p are totally ramified and K is chosen such that the conditions in
Proposition 2 hold. Then TA− ⊂ D− and there is a decomposition TA− =
Lt +Mt with Lt ∩Mt ⊆ C−; in particular, T ∗Lt ∩ T ∗Mt = 0.
Proof. The primes above p are totally ramified and the base is chosen such
that the Proposition 2 holds, thus we can apply complex conjugation, ob-
taining TA− ⊂ D− and Lt∩Mt = C− by definition of the µ and the λ-parts.
The final claim follows from T ∗C− = 0. Let w ∈ T ∗L−t ∩ T ∗M−t be given
by w = T ∗x ∈ T ∗L−t , w = T ∗y ∈ T ∗M−t , with x ∈ L−t , y ∈ M−t . Since
obviously w ∈ C−, we have T ∗w = (T ∗)2y = 0, so y ∈M−t ∩ L−t = C− and
thus T ∗y = 0. 
3. The main Theorem
We start by fixing the context of fields in which we perform the proof.
Suppose that K−3 is a CM number field in which the Leopoldt conjecture
is false. As mentioned above, we use negative indices for a sequence of field
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extensions which preserve the CM property and have a positive Leopoldt de-
fect, while enjoying an increasing sequence of useful properties. Eventually,
K = K1 ⊃ K−3 will be a ground field for which we are going to prove that
D(K) = 0, thus confirming the claim of Theorem 1. First let K−2 = K(n)−3 [ζp]
be the normal closure of K−3 to which we adjoined the p-th roots of unity.
Next we choose a small complex abelian extension k such that A−(k) 6= 1
and k ∩ K−2 = Q; this extension will be chosen in order to satisfy certain
useful properties which are provided in Lemma 8. We let K−1 = k · K−2.
We shall wish to apply the decomposition results above, so we let B be
the constant granted by the Theorem of Babaicev and Monsky and pB also
annihilates the Zp-torsion of K∞.
Let n0 > 0 be the stabilization index of L(K∞/K−1) and let n
′ ≥ n0+2B
be such that for all coherent sequences
x = (x−1, x0, . . . , xn′ , . . .) ∈ A−(K∞) \
(
MA−(K∞) +M
−(K∞)
)
we have ord(pBxn′) ≥ p2.
We define K ⊂ K∞ such that [K : K−1] = pn′+1 and xn′ ∈ A(K). From
now on K is our base field. We note that the constant B is not modified by
replacing K−1 with K. The shift of the base field K induces also a shift of k
which describe in more detail below.
Lemma 8. There is an imaginary abelian extension k/Q and a class se-
quence h = (hn)n∈N ∈ A−(k) such that the module H := Λh has rank
p-rk(H)p(p − 1) and finite index in A−(k). Moreover, if T kh ∈ pA−(k),
then k ≥ p and if D is any integer, k can be chosen such that the primes
dividing D are unramified in k.
The proof uses results that will be developed in the next sections and it
is provided in §3.3. We let D = disc(K−2) and use this discriminant in the
definition of a field k′, using Lemma 8; with this, we let K−1 = k
′ ·K−2, as
mentioned above. Then K−1 ⊂ K ⊂ K∞ is constructed as in the previous
section and we let k = K ∩ k′∞. We also define
∆ = Gal(K/Q), ∆0 = Gal(k/Q), ∆1 = Gal(K/Q),(17)
so ∆ = ∆0 ×∆1. We then fix a sequence
α = (αn)n∈N ∈ A−(K∞) with NK∞/k(α) = h.(18)
The following construction puts in evidence CM Zp-extensions whose exis-
tence is equivalent to the failure of the Leopoldt conjecture for K, and in
which we shall use the sequence (18).
Lemma 9. Notations being like above, for arbitrary n > 0 there are infin-
itely many prime ideals q ∈ αn which are totally split in Kn/Q and such that
the decomposition group D(q) ⊂ Gal(M+/K) fixes an extension M+q ⊂ M+
with Kn ⊂M+q and Zp-rk(Gal(M+q /Kn)) > 0.
In particular, there is a CM Zp-extension L/K which contains Kn and in
which q is totally split.
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Proof. Let q ∈ αn be a prime ideal which is totally split in K/Q and coprime
to p. By a classical application of Tchebotarew’s Theorem, there are infin-
itely many such primes. Since q is coprime with p and all the primes that
ramify in M+/K lay above p, it follows that D(q) ∼= Zp. Indeed, q is totally
inert in K∞/Kn′ for some n
′ > n, so we have Zp-rk(D(q)) ≥ 1; since Qq
has only one (unramified) Zp-extension, it follows that ess. p-rk(D(q)) = 1.
But Gal(M+/K) ∼= ZD(K)+1p has no finite subgroups and thus D(q) ∼= Zp,
as claimed. = Moreover, Kn ⊂ M+q := M+D(q) since we chose q to be com-
pletely split in Kn. We have Zp-rk(Gal(M
+
q /K)) = D(K) > 0 and there is
in particular some CM Zp-extension L ⊂ M+q . By definition, L ∩ K∞ ⊇ Kn
and the prime q is totally split in L.

3.1. Thaine shift and the main coherent sequences. We let K be a
galois CM extension constructed as above, so we assume in addition that
stabilization occurs from the first level in the following sense
A. For all x ∈ A−(K∞)\(MA−(K∞)+M−(K∞)) we have ord(pBx1) > p
where pB is an exponent for the µ-part of all the Zp-extensions of K
(the existence of which follows from Theorem 2).
B. The shift equation pxn = ιn−1,n(xn−1) holds for all n ∈ N and x ∈
L(A−) with xn−1 6= 0.
C. We have µpk ⊂ K but µpk+1 6⊂ K and K = K1 = . . .Kk ( Kk+1
Let N = 2M > 0 be an integer to be determined below and let L/K
be some Zp-extension with L ∩K∞ ⊇ KN , for instance the one constructed
before; the case L = K∞ is in particular allowed too. We define the following
Thaine shift extensions: let r ∈ αn, n ≤ N be some totally split prime which
is inert in Kn+1/Kn and r ≡ 1 mod p be the rational prime above r; we let
F ⊂ Q[ζr] be the subfield of degree p over Q. Since r is totally split in K
while r is ramified in F, we have K ∩ F = Q. We let F = Gal(F/Q) be
generated by ν = νr, let s = sr = νr − 1 and write Na = NF/Q for the
arithmetic norm, while the algebraic norm is
N =
p−1∑
i=0
νi = pu(s) + sp−1 = p+ sf(s),(19)
f ∈ Zp[X], u ∈ (Zp[s])×.
We define K(r) = K · F and L(r)n = Ln · F, L(r) = L · F. The galois groups
∆ := Gal(K/Q),Γ := Gal(L/K) commute with F and thus Gal(K(r)/Q) =
F ×∆,Gal(L(r)/K(r)) = Γ,Gal(L(r)/K) = F × Γ.
I In the case when n < N and r is inert in L, we say that L(r)/L is an
inert Thaine shift.
S. If r = q is totally split in L we speak of a split Thaine shift.
The split case is applied for the proof of Theorem 1, while the inert shift
is used in the construction of the auxiliary extension k in Lemma 8. In the
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split case, L∩K∞ =: KN = LN for some N = 2M > 0, where L = L(q). The
prime q ⊂ KN is totally split in L/Q and we let (qm)m∈N with qm ⊂ Lm be
a norm coherent sequence of primes above q. Moreover, we assume that q is
inert in KN+1/KN and if q is the rational prime below q, then q ≡ 1 mod pN .
In the split Thaine shifts of our context, we shall assume that q verifies this
conditions. We shall denote by ξ ∈ µpN a primitive root of unity, so ξ ∈ L′n
generates the group of p-roots of unity, for all n. As a consequence, we have
Fact 4. Let L′/L be a Thaine split shift and the related conditions and
notations be like above. Then ξ 6∈ N ((L′n)×) for all n > N . Moreover, if
d = [K+N : Q], then ∣∣(L×n )−/N
(
(L′n
×
)−
) ∣∣ = ppn−Nd.(20)
Proof. This is a direct consequence of the Hasse norm principle. Let indeed
r ⊂ Ln be any prime above q, thus any of the primes that ramify in L′n/Ln;
the claim follows by showing that ξ in not in the local norm image. Since r
is totally split, the residue field is Fq and the p-Sylow of the multiplicative
subgroup has size |(F×q )p| = pN . Local class field theory implies that the
norm image has index p, so it is a cyclic subgroup CpN−1 and can therefore
not contain the full image of the pN -th roots of unity. A fortiori, ξ 6∈
N ((L′n)×) for all n > N , which completes the proof of the first statement.
Note that the number of pairs of conjugate primes above q in Ln is R :=
pp
n−Nd and the Hasse Norm Principle implies that the size of the norm defect
L×n /N
(
L′n
×
)
is equal to the product of the local norm defects at each of
these ramified primes – which are the only primes that ramify in L′n/Ln.
Since we have seen that the local norm defects are groups of order p, the
claim (20) follows by taking minus parts. 
The primes qm are totally ramified in L
′
m and we let Qm ⊂ L′m be the
ramified prime above qm; in particular Q0 is the prime of KN above q. This
leads to the definition of two sequences which play a crucial role in our proof:
we let
am = [q
1−
m ], for m ≥ N and am = NN,m(am), m < N,
bm = [Q
1−
m ], for m ≥ N and bm = NN,m(bm), m < N,(21)
a = (am)m∈N ∈ A−(L), b = (bm)m∈N ∈ A−(L′).
It follows from the definition that hn = NKn,kn , (an) for n ≤ N and b = pa,
as sequences and thus at all levels, due to ramification. We let C ′ = F (L′) ⊂
A−(L′) be the maximal finite submodule. The following lemma indicates the
choice of N :
Lemma 10. Notations being the ones above, one can choose N = 2M
such that there are aλ ∈ L−(L), aµ ∈ M−(L) with a = aλ + ωMaµ and
ωM ·M(A−) ∩ F = 0. Moreover, Tb ∈ D−(L′).
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Proof. Let f ∈ Zp[T ] be the annihilator polynomial of α defined in (18),
so faN = 0. The base field was chosen such that Ta ∈ D−(L), so let
Ta = a′λ + a
′
µ. Since faN = 0, an application of Iwasawa’s Theorem 6
implies that there is an x ∈ A−(L) for which we have
fTaN = ωNx = f(T ) · (a′λ + a′µ) = νN,1(xλ + xµ).
By comparing parts - and using the fact that the intersection L−∩M− ⊂ C−
is annihilated by T ∗, we obtain f(T )T ∗a′µ = νN,1T
∗xµ. Euclidean division
yields νN,1 = g(T )f + r(T ), so that for sufficiently large N we have r(T ) ≡
0 mod pB. For such N , νN,1xµ = f(T )g(T )xµ and thus f(T )(a
′
µ−g(T )xµ) =
0. Since µ - parts are not annihilated by distinguished polynomials, it follows
that a′µ = g(T )xµ. We still have to show that we may choose N = 2M such
g(T ) ≡ ωMh(T ) mod pB , which is equivalent to ν2M,1 ≡ h(T )f(T )ωM mod
pB. Once again, Euclidean division yields ν2M,1 = Q(T )·(f(T )ωM )+RM (T ).
For all roots ξ ∈ Qp of f(T )ωM we have
ν2M,1(ξ) =
(ξ + 1)p
2M − 1
(ξ + 1)p
k − 1 = RM (ξ),
It suffices thus to take M large enough, so that the global p-adic valuation
is vp(RM (ξ)) > B for all zeroes of f and ωM . Since for f , the zeroes are
fixed, the problem is solved by taking M sufficiently large. For zeroes of ωM
we use the development ν2M,1 = νM,1 ·
(
pM +O(ωM )
)
. It follows that for
sufficiently large N = 2M , we have ν2M,1 ≡ Q1(T )f(T )ωM mod pB and we
may also assume that the quotient Q1 has free coefficient Q1(0) ≡ 0 mod pB,
so Q1(T ) ≡ TQ2(T ) mod pB. Letting y = Q2(T )xµ we have found that
a′µ = ωMTy. Then T (a − ωMy) = a′λ ∈ L, so a − ωMy ∈ L too, thus
a = ωMy + w,w ∈ L, which yields the claimed decomposition.
Finally, since pb = a, we may apply Lemma 4 and deduce that Tb ∈
D−(L′), after eventually shifting the base field up by one level. Since F =
Ker (ψ : M(A−)→ E(M)) for any pseudoisomorphism ψ, we can chooseM
sufficiently large, such that ωMψ is injective, which implies ωMM(A
−)∩F =
0. 
There are thus bλ ∈ L−(L′), bµ ∈ M−(L′) with Tb = bλ + bµ. From
sb = 0 we also have sbλ = −sbµ ∈ L− ∩M− = C ′ ∩ Ker (N ) = C ′[p] =
C[p] ⊂ A−(L), so s2bλ = 0; also, psbλ = Tsbλ = 0. Consequently, N (bλ) =
pu(s)bλ + s
p−1bλ = pbλ and N (bµ) = pbµ. Since p(bλ + bµ) = pTb = Ta =
T (aλ+ωMaµ), it follows by comparing parts that Taλ−pbλ = pbµ−TωMaµ =
γ ∈ C−. Upon multiplication by T ∗ we obtain pT ∗bλ = TT ∗aλ. The same
proof yields pT ∗bµ = TT
∗aµ.
We have the following defining relations:
pb = N (b) = a, sb = 0(22)
Tb = bλ + bµ, TT
∗aλ = pT
∗bλ, pT
∗bµ = ωMTT
∗a′µ.
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Since we have shown above that s(Tbλ) = s(Tbµ) = 0, it will be important
to investigate in more detail the group cohomology H0(F,A−(L′)). This is
done in the next section, in which we also show that bµ 6= 0.
3.2. Cohomology and the Hasse obstruction module. In this section
we investigate the Tate cohomology groups in inert and in split Thaine shifts.
Let K be a fixed galois CM extension containing the p-th roots of unity,
and L/K be a CM Zp-extension with L ∩ K∞ = KN , and we let L′ = L · F
be a Thaine shift. Thus the extension tower can be the one defined in the
previous section, but the above are the only prerequisites that we shall need
in this section. The Tate-cohomologies in Thaine shifts are governed by
the Hasse Norm Principle and similar properties which are ingredients of
the proof of Chevalley’s Theorem, also called the ambig class formula [14],
Chapter 13, Lemma 4.1. These facts allow comprehensive descriptions of
the groups. Here we only focus on the facts that are directly needed in our
subsequent proof.
We consider first the case when L′/L is a split Thaine shift, and let like
above qn ⊂ Ln build a norm coherent sequence of split primes above q ∈
aN ; let an := [q
1−
n ] and Qn ⊂ L′n be the ramified ideals above qn, while
bn = [Q
1−
n ]. Since q is assumed to be totally split above Q, there are
DN := [KN : Q]/2 pairs of complex conjugates primes above q in KN , with
(q) = Z ∩ q. We assume that r′ of these are totally split in L and let
τi ∈ ∆N := Gal(KN/Q) with τ1 = 1 and i ≤ r′ be automorphisms such
that R = {q(i) := τiq : i = 1, 2, . . . , r′} be these totally split primes. We
denote by (q
(i)
n )n∈N some fixed norm coherent sequences of primes above
q(i) and let the class sequences a(i), b(i) be defined with respect to these
sequence, by analogy to the way a, b were defined with respect to qn. We
may write, with some abuse of language, q(i) = τiq, a
(i) = τia, b
(i) = τib. Let
f = fa(T ) ∈ Zp[T ] be the minimal annihilator polynomial of a and note
that f also annihilates Λb/(Λb ∩M).
Therefore z := fa(T )T
∗ ∈M− is such that Λz∩F = 0 and thus Λz ∼= Λ/pe
for some fixed exponent e. If z(i) = τiz = fa(T )T
∗τib, then Λz
(i) ∼= Λ/pe(i)
for some e(i) > 0. Let r ≤ r′ and the ordering of the z(i) be such that
MB :=
r′∑
i=1
Λz(i) =
r∑
i=1
Λz(i),
and r be minimal with this property; i.e. {z(i), i = 1, 2, . . . , r} is a mini-
mal spanning set for the Λ-module MB . We claim that MB =
⊕r
i=1 Λz
(i).
Indeed, let ψ : MB → E(MB) be a pseudoisomorphism. Since the kernel
is a finite Λ-module, while MB ⊂ T ∗M contains no finite submodules, it
follows that ψ is injective, so MB is a direct sum. The claim now follows by
induction. We show that every span of m terms in MB is a direct sum.
This is true for m = 1. Suppose that the claim holds for all n < m
but there is, after eventual reordering, a sum x =
∑m
i=1 ci(T )z
(i) = 0.
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We assume that vp(cm) is minimal, so the identity can be rewritten as
pa(vm(T )z
(m) + y) = 0, with vm ∈ Zp[T ] a distinguished polynomial and
y ∈ ∑m−1i=1 Λb(i). Let ψ(b(i)) = Ei and let M ′B = ⊕m−1i=1 ΛEi ⊂ ψ(MB).
We assume that Em, . . . , Er ∈ E(MB) \ M ′B are chosen in order to com-
plete a Λ-base of E(MB). We let ψ′ = ψ
∣∣⊕r
i=m ΛEi
and w = paz(m). Then
ψ′(vm(T )w) = 0 so injectivity implies that p
az(m) is a finite torsion element.
But MB ∩ C− = 0 so paz(m) = 0, which confirms that x = 0 and completes
the proof by induction.
We note that if (q′n)
(i) is some other sequence above q(i) and (b′n)
(i) are
the respective classes, then b(i) − b′(i) ∈ ωNA−(L′) and in particular, both
sequences have the same image in H0(F,A−(L′))/(T p
N
). We assume that
r ≤ r′ is maximal such that the classes τib are Λ-independent. In particular,
r does not depend on the choice of b(i).
We have shown:
Lemma 11. Let R = {q(i) := τiq : i = 1, 2, . . . , r′} be the set of all
conjugates of q which are totally split in L and let τib be defined as above,
while τiz = fa(T )T
∗τib, and fa(T ) is the minimal annihilator of aλ ∈ A−(L).
Then there is a constant r ≤ r′ such that
MB :=
r∑
i=1
Λτiz =
r′∑
i=1
Λτiz,
and r is minimal with that property and the sum is direct.
With these notations we also have
Lemma 12. Let L/K be a CM Zp-extension with L∩K∞ = KN and which
allows a split Thaine shift L′/L. Let the notations introduced above for
primes and their classes hold; then
Ker
(
s : A−(L′)→ A−(L′)) = ι(A−(L)) +
r∑
j=1
Λτi(b).(23)
Proof. Let for n > 0 the group Tn ⊂ A−(L′n) be the Λ-module spanned
by classes of ramified ideals, thus Tn ⊇ [b(i)n ; i = 1, 2, . . . , r]Z. Since finitely
many primes above q are inert, while the only ramified primes in L′/L are
the primes above q, it follows that equality holds for sufficiently large n.
Let n > N be arbitrary and c ∈ A−n (L′n) have non trivial image c ∈
H0(F,A−n ). If C ∈ c then Cs = (γ) and (N (γ)) = (1). There is thus a unit
δ ∈ Ln with N (γ) = δ, as algebraic numbers. Let ξ ∈ µpN generate the
p-roots of unity in L′N . The Kronecker unit theorem implies
N
(
γ
γ
)
= ξe, e ∈ Z.
By Fact 4, ξ 6∈ N (L′) and therefore e = pe′ ≡ 0 mod p. Then ξe ∈ N ((L′n)×)
and by applying Hilbert’s Theorem 90, it follows after eventually modifying
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γ by some root of unity, that γ1− = xs for some x ∈ L′n. Consequently
(C1−/(x))s = (1) and the class a2 =
[
C1−/(x)
]
contains an ambig ideal;
since a 6∈ ι(A−(Ln)), we must even have a2 ∈ Tn, which implies the claim.

As a consequence, we have the following stronger result:
Proposition 4. Let L′ = L ·F be a split Thaine shift with F = Gal(F/Q) =
〈ν〉 = 〈s+1〉 and let τiq, i = 1, 2, . . . , r be the conjugates of q that are totally
split in L/K, while τibn, τib are the classes defined previously in this context.
Then
H0(F,A−(L′)) ∼=
r⊕
i=1
Fp[[T ]]τib
is a free Fp[[T ]] module of rank r > 0; here the τib are the images of τib in
H0(F,A−(L′)). We have µ(L′) ≥ r.
Proof. We already know from the previous lemma that H0(F,A−(L′)) ∼=
MB/MB ∩ ι(A−(L′)) with MB =
∑r
i=1Λτi(b). By ramification, we have
pb = ι(a) and thus pH0(F,A−(L′)) = 0, which makes H0 into an Fp[[T ]]
module. We have shown in Lemma 11 that MB is free of Fp[[T ]]-rank r,
which implies µ(L′) ≥ r > 0.
We are left to prove that p-rk(Λb) = ∞. The relation (20) implies that
|H1(F,A−(L′n))| ≥ pp
n−Nd. Indeed, let R = pp
n−Nd and r, r ⊂ Ln one of
the R pairs of complex conjugate primes above q. Let g ∈ F×q generate the
p-Sylow subgroup and let
xr ∈ O(Ln) with xr ∼=


g mod r ,
1/g mod r and
1 mod r′
,
for all primes r′ ⊃ qO(Ln) ∩ (q) and (r′, rr) = (1). By applying the Tcheb-
otarew Theorem to the q-ray class field, we deduce that there is a principal
prime ideal (ρ) with ρ ≡ xr mod qO(Ln), which is totally split in L′n/Q.
We let R ⊂ L′n be the prime above it and r = [R1−]; thus r is not p-
principal. Otherwise, r is annihilated by some power t with (t, p) = 1
and we may assume that Rt(1−) = (γ). But then N (γ/γ) ∈ µpN · ρ.
Let P =
∏2R
i=1(F
×
q )
(q−1)/pN ⊂ O(Ln)/qO(Ln) be the product of the p
groups in the q-ideles of Ln. The Chinese Remainder Theorem implies that
|P−/(P−)p| = R and for each residue class in x ∈ P−/(P−)p we may find
ρ,R as above, such that ρ has image x in P−/(P−)p and consequently R is
not p-principal. This implies our claim. The groups A−(L′n) are finite, so
we deduce from the structure of H0(F,A−(L′n)) that
psp-rk(Λbn) = |H0(F,A−(L′n))| = |H1(F,A−(L′n))| ≥ pdp
n−N
,
hence s ·p-rk(Λbn) ≥ dpn−N and thus p-rk(Λbn)→∞, which implies b 6∈ L−
and completes the proof. 
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3.3. Completion of the auxiliary constructions. As mentioned previ-
ously, the case of inert Thaine shifts will be used in the construction of the
auxiliary extension k. In this case we are particularly interested in the group
H1, as reflected in
Lemma 13. Let K be an imaginary quadratic extension of Q with A−(K) =
0. Let L = K(q)F be an inert Thaine shift, with q ⊂ Kj a totally split,
principal prime ideal, that is inert in K∞/Kj and F ⊂ Q[ζq] the cyclic
subfield of degree p over Q. Then λ−(L) = ϕ(pj) and there is an element
h ∈ A−(L) \MA−(L) such that [A−(L) : Λh] < ∞. The module H(p) :=∑pj−1−1
i=0 ZpT
ih is a Zp-pure submodule of A
−(L): if pcx ∈ H(p), then x ∈
H(p).
Finally let U = ωl(T ), l ≥ 1 and Λ′ = Zp[[U ]]; considering the Zp-
extension L∞/Ll and the induced module B = A
−(L∞/Ll) as a Λ
′-module,
then H ′(p) :=
∑pj−1−1
i=0 ZpU
ih ⊂ B is also a Zp-pure module.
Proof. We start by choosingK = Q[
√−d], an imaginary quadratic extension
with p ∤ h(K) and
(
−d
p
)
= −1. Such a field can be found since the analytic
class number formula and bounds yield h(K) <
√
d < p for d < cp2, a
range in which a discriminant can be found, which also verifies the quadratic
reciprocity condition, requiring that p is inert in K.
Let q ∈ Kj be a principal prime which is totally split over Q and inert
in Kj+1/Kj , let q be the rational prime below it. We assume that q ≡
1 mod pj, which can be achieved by an application of Tchebotarew: consider
the compositum H[ζp] with H/K the maximal abelian unramified extension.
Then q should be totally split in H[ζp], the existence being granted by
Tchebotarew. Let F ⊂ Q[ζq] the subfield of degree p, so F ∩ K = Q since
q is unramified in K but totally ramified in F. Let L = K · F. Then, an
application of Kida’s formula implies that A−(L) = (p − 1)pj−1: indeed,
there are pj−1 pairs of complex conjugate primes that ramify in Lj/Kj and
since they are inert in L∞/Lj, there are as many pairs of ramified primes
in L∞/K∞. Since K contains no p-th roots of unity and the ramification
index is e = p for all ramified primes while µ(L∞) = 0, the Kida formula
yields
λ−(L) = [L : K]λ−(K) + (e− 1) · [Kj : Q]/2 = 0 + (p− 1)pj−1,
as claimed.
We let F = Gal(L/K), ν ′ ∈ F be a generator and t = ν ′− 1 and estimate
H1(F,A−(Ln)) in a similar way to the one used for the split case above. Let
g ∈ F×q be a generator of this group and γ = g(q−1)/p
j
. Since q is totally
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split in Kj we have
O(Kj)/(qO(Kj)) ∼=
pj−1∏
i=1
(O(Kj)/τ iqO(Kj)×O(Kj)/τ iqO(Kj))(24)
∼=
pj−1∏
i=1
(Fq × Fq).
If x ∈ (K×j )1− and x ≡ h mod τ iq then complex conjugation induces x ≡
1/h mod τ iq, for any (fixed) value of i. Let w ∈ (K×j )1− be such that
w ≡


γ mod q
1/γ mod q and
1 mod r for all other primes r ⊂ Kj above q.
Let π : (O(Kj))q → O(Kj)/(q) be the natural projection of the algebraic
semilocalization at the primes above q and R = Zp[T ]π(w); we note that
R is the p-Sylow subgroup of the minus part of the multiplicative group in
(24). All the primes above q are ramified in L/K and these are the only
ramified primes. Since Kj contains no p-th roots of unity, the Hasse Norm
Principle implies that
ND :=
(
K×j /N (L×j )
)1− ∼= R/Rp.
We claim that there is a group isomorphism ψ : H1(F,A−(Lj)) → R/Rp.
For this we note first that for x ∈ A−(Lj) we necessarily have N (x) = 0,
by choice of K. Thus H1(F,A−(Lj)) = A
−(Lj)/(tA
−(Lj)), while N =
pu(t) + tp−1 readily implies that p annihilates H1(F,A−(Lj)). Let now
x ∈ A−(Lj) with non trivial image x ∈ H1(F,A−(Lj)) and let R ∈ x be a
totally split prime. Then (ρ) = N (R)( must be a principal prime and we
claim that π(ρ1−) 6∈ Rp. Otherwise, ρ1− ∈ N (L×j ) and we may assume
that ρ1− = N (y1−), so in terms of ideals N (R/(y))1− = (1) and thus
(R/(y))1− = Ds, for some ideal D ⊂ Lj. This implies that x ∈ A−(Lj)s
and thus x = 1, which contradicts the choice of R. We define ψ(x) = π′(ρ)
where π′ : (O(Kj))q → R/Rp is the composition of π with the natural map
R → R/Rp. A direct verification establishes that ψ is a well defined map
of Fp[T ]-modules; we leave these details to the reader and show that ψ is
a bijection. We have shown that ψ(x) = 1 iff x = 1, so ψ is injective; it is
also surjective. For this we consider some principal prime (ρ) ⊂ Kj which
is totally split in Lj/Q, with r := π
′(ρ/ρ) ∈ R/Rp and r 6= 1. Such a
prime can be determined with Tchebotarew’s Theorem, by considering the
q-ray class field Hq ⊃ Kj, which also contains Lj . If R is the split prime
above (ρ), then R/R cannot be principal, since otherwise ρ/ρ ∈ N (L×j ) in
contradiction with r 6= 1. Letting x = [R] ∈ A−(Lj) we see by construction
that ψ(x) = r and thus ψ is surjective.
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Since the module R/Rp is a Fp[T ]-cyclic of order p
j−1, it follows that
H1(F,A−(Lj)) is Fp[T ] cyclic of order p
j−1 too. We let h = ψ−1(π′(w)),
where ψ′(w) generates R/Rp as an Fp[T ] module. We note that R,w, h, ψ all
depend on j and, for all n ≥ j there is a module Rn and a bijection of Fp[T ]-
modules ψn : H
1(F,A−(Ln)) → Rn/Rpn, which is constructed in a similar
way as above. One may choose a norm coherent sequence h = (hn)n∈N such
that hn generates H
1(F,A−(Ln)) as an Fp[T ]-module.
We claim that [A−(L) : Λh] < ∞. Since Nh = 0 it follows that −ph =
tp−1u−1(t)h so the t-rank of Λ[t]h is at most p − 1; here the t-rank is the
rank of Λ[t]h/Λh. Let f ∈ Λ be the minimal annihilator polynomial of h
and g ∈ Λ be the one of skh for some k < p − 1. We claim that f = g; we
have indeed f(skh) = sk(fh) = 0 so g | f . On the other hand, skgh = 0
implies that
−pgh = (u−1sp−1−k)(skgh) = 0, hence gh = 0,
so g | f too, and thus f = g as claimed.
Assuming now that [A−(L) : Λh] = ∞, it follows that there is some
k < p − 1 such that Zptkh ∩ Λh = 0. Suppose there are c ≥ 0, g(T ) ∈ Λ
with pcth = g(T )h, and by iteration, p(p−1)ctp−1 = g(T )p−1h = pu(t)h, so
Zpt
kh ∩ Λh 6= 0 for all k > 0 and thus [A−(L) : Λh] < ∞. It remains that
Zpth∩Λh = 0 and thus A−(L) =
⊕p−2
i=0 t
iΛh, so in particular Λh∩tA−(L) =
0. However, from Nh = 0 we deduce that ph = −tp−1u−1(t) ∈ Λh∩ tA−(L).
This is a contradiction which implies that this case cannot occur and thus
[A−(L) : Λh] <∞.
Let G(T ) ∈ Zp[T ] be a distinguished polynomial with G(T )h = tv(T )h ∈
tΛh. We show that deg(h) ≥ pj−1; indeed, an iteration yields G(T )ih =
(v(T )t)ih, 0 ≤ i < p. Inserting this relation inNh = 0 we obtain (G(T )p−1+
O(p))h = 0, so Weierstrass preparation implies that h has an annihilator
H(T ) = G(T )p−1 + O(p) of degree deg(H) = (p − 1) deg(G) ≥ (p − 1)pj−1.
Therefore deg(G) ≥ pj−1, as claimed. The same argument implies that
p-rk(Λh/tΛh) = pj−1. We have A−(L) =
∑p−2
i=0 t
iΛh, so for arbitrary z ∈
A−(L) there are polynomials zi(T ) ∈ Zp[T ] with deg(zi) < pj−1 such that
z =
∑p−2
i=0 zi(T )t
ih.
We show that the module H(p) =
∑pj−1−1
i=0 ZpT
ih ⊂ A−(L) is Zp-pure.
Indeed, consider x ∈ A−(L) such that pcx ∈ H(p) for some c > 0 and let
pcx = g(T )h = pc
p−2∑
i=0
tixi(T )h,
with deg(g),deg(xi) < p
j. By separating terms, we obtain (g(T )−pcx0(T ))h ∈
tΛh. Since deg(g(T )−pcx0(T )) < pj−1 it follows from the previous remarks,
that g(T ) = pcx0(T ), so p
cx ∈ pcΛh, thus x ∈ Λh, as claimed.
Finally, we prove that the shifted module H ′(p) is also pure. First note
that [B : Λ′h] < ∞, the proof being identical with the one above, after
30 PREDA MIHA˘ILESCU
replacing T by U and Λ by Λ′. We obtain a decomposition
B =
p−2∑
i=0
tiΛ′h,
and the proof that H ′(p) :=
∑pj−1−1
i=0 ZpU
ih is Zp-pure follows the same
pattern as the one for H(p). 
We now relate the construction above to some given CM field. Let B/Q
be the Zp-extension of Q and let the intermediate fields be numbered by
B1 = Q and [Bn+1 : Bn] = p. For a number field M we let l = l(M) ≥ 1 be
defined by M ∩ B = Bl. With this we note the following
Fact 5. Let M be a galois CM number field containing the p-th roots of
unity with l = l(M) and d = disc(M). The fields K,L in the Lemma 13 can
be chosen such that the fields L,M are linearly disjoint and (disc(L), pd) = 1.
Proof. If K = Q[
√
D], then rad(disc(L)) = rad(Dq); it suffices thus to
choose D and q such that (rad(D)q, pd) = 1. Since the discriminants are
coprime, it also follows that L and M are linearly disjoint, we set M′ =
L ·M. 
We can complete the construction of the auxiliary fields in our proof.
Let K−3,K−2 be defined like at the beginning of this chapter. With d =
disc(K−2) we construct K,L as in Lemma 13 and in Fact 5, where we choose
j = 2, so p-rk(A−(L)) = p(p − 1). We let K−1 be the smallest field in the
cyclotomic Zp-extension of the compositum K−2 · L, in which conditions
A., B. and C. at the beginning of §3.1 hold. Then k := L∞ ∩ K−1 and
k = l(K−1) = l(k). We choose N = 2M like in Lemma 10 and let q ⊂ KN
be a totally split prime, such that q ∩ kN ∈ hN and L/K is a Zp-extension
with KN = L ∩ K∞ and q totally split in L/Q and inert in K∞/KN . The
field F ⊂ Q[ζq] is herewith well defined, and we let K′ = K ·F,L′ = L ·F,k′ =
k · F; we let h′ ∈ A−(L′) be a sequence with NL′/L(h′) = h and such that
Q ∩ k′N ∈ h′N . Note that h′ 6∈MA−(k′∞).
If the sequences a, b are defined on base of q, as described after Lemma
10, then b 6∈ MA−(L′). Indeed, NL′,k′(b) = h′N and the claim follows from
the respective claim on h′N ; a fortiori, a 6∈MA−(L) and aN 6∈ A−(KN ). As
a consequence we have:
Corollary 2. In the construction defined above, assume that there exists
a γM ∈ A−(KM ), γM 6= 0, and a distinguished polynomial g(T ) ∈ Zp[T ]
such that pγM = g(T )aM 6∈ Ker (N : A−(KM ) → A−(kM )). Then either
γM ∈ ΛaM or deg(g(T )) > p− 1.
Proof. Let wM = NKM/kM (γM ) ∈ A−(LM ) (we use here the notation LM =
kM in conformity with the notation used in the general treatment above).
We have shown in Lemma 13 thatH ′(p) :=
∑p−1
i=0 ZpT
ih is a Zp-pure module.
Due to the choice of K, we shall have l(K) = l(L)geq2 in this case, hence the
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notation H ′(p) – however, we use the variables τ ;T = τ − 1 for a generator
of the galois group in the shifted extension L∞/L.
We chose M >> l(K) so in particular, the rank of A−(Ln) is stable for
n > 1 and for x ∈ A−(L) \MA−(L) we have x1 6= 1 and ord(xM ) ≥ pM .
Let w ∈ A−(L) be an arbitrary sequence which coincides with wM in LM .
Such a sequence is unique modulo ωMA
−(L). We have shown that there is
a decomposition w =
∑p−2
i=0 Wi(T )t
ih. Taking norms in the identity pγM =
g(T )aM we obtain
pwM =
p−2∑
i=0
pWi(T )t
ihM = g(T )hM ⇒ (g(T )− pW0(T ))hM ∈ tΛhM .
Let V (t, T ) :=
∑p−3
i=0 pWi−1(T )t
i and define
z := (g(T ) − pW0(T ))h, y := tV (t, T )h ∈ A−(L).
We have zM = yM , so by Lemma 2 and the choice of L it follows that
there is some Z ∈ A−(L) with z = y + ωMZ. Let Z =
∑
Zi(T )t
ih, so
(g(T )− pW0(T )− ωM (T ))h ∈ tΛh. By choice of M we have deg(ωM ) > p2,
say. If g(T ) is not p-divisible, the Weierstrass preparation theorem implies
that there is a polynomial g˜ ∈ Zp[T ] of degree deg(g˜) = deg(g) and a unit
u(T ) ∈ Λ× such that u·g˜h ∈ tΛh. Therefore g˜h ∈ tu−1Λh = tΛh and the fact
that H ′(p) is Zp-pure implies that deg(g) ≥ p. Otherwise, g(T ) = pg1(T )
and thus p(wM − g1(T )hM ) = 0. In this case, we find like previously that
w = g1(T )h+O(ωM ) and thus w ∈ Λh, which completes the proof. 
3.4. Proof of the main Theorem. We assume that K−3 is a CM field
in which the Leopoldt conjecture fails, and use the auxiliary constructions
completed in the previous section, in order to obtain K,L,L′; a, b, q, etc.
Recall that, as noted above (22),
sbλ = −sbµ ∈ Ker (N ) ∩ (L− ∩M−) = Ker (N ) ∩ C− = C−[p].
Therefore Tbλ, T bµ ∈ Ker (s). The Theorem 1 is proved as follows:
Proof. We show first that bλ ∈ ι(A−(L)). By Proposition 4,H := H0(F,A−(L′))
is a free Fp[[T ]] module of rank r ≥ 1 and we write · : A−(L′) → H for
the natural projection. Since Tbλ ∈ Ker (s) and T deg(f)+1bλ ∈ pΛbλ ⊂
ι(A−(L)), it follows that T deg(f)+1bλ = 0. Thus bλ ∈ H is a torsion ele-
ment, and since the module H is torsion-free, it follows that bλ = 0 and thus
bλ ∈ ι(A−(L)), as claimed. We have bλ = ι(γ′) for some γ′ ∈ A−(L) and
Ta = Taλ + TωMaµ = N (Tb) = N (bλ + bµ) = pγ′ + (TωMaµ + pc),
for some c ∈ C−(L′). Hence, after canceling terms, we obtain
Taλ = p(γ
′ + c), and pγ = TT ∗aλ ∈ Λaλ, for γ := T ∗γ′.
We raise a contradiction by showing that this identity is inconsistent at
finite levels. Since pγ = TT ∗aλ as coherent sequences, the identity holds
a fortiori at level M . Letting g(T ) = TT ∗, we notice from the definition
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that aM = aλ,M and TT
∗hM = NKM/kM (TT
∗aM ) 6= 0. The resulting
identity pγM = g(T )aλ,M = g(T )aM satisfies premises of Corollary 2. Since
deg(g) = 2 < p, it follows that γM ∈ ΛaM , and taking norms, N(γM ) ∈
ΛhM – where we write N = NK/k. Let now βM = N(bM ) ∈ A−(L′M ) and
yM = g2(T )hM = N(γM ) ∈ A−(LM ), zM = N(bµ,M ). By definition, we
have pzM = 0, pβM = hM and consequently
TpβM = ThM = p(g(T )hM + zM ) = pTT
∗hM ⇒ T (1− pT ∗)hM = 0.
The last identity implies ThM = 0 and thus p-rk(ΛhM ) = 1. This contra-
dicts the fact thatM was chosen such that p-rk(ΛhM ) = λ
−(L) = p(p−1) >
1, showing that the extensions, L,L′ cannot exist and confirms the claim of
Theorem 1. 
4. Appendix : Proof of Proposition 3
Let N = A−(T ∗) be defined in the cyclotomic Zp-extension of K, and sup-
pose that K is a CM-extension with positive Leopoldt defect and containing
the p-th roots of unity. We have mentioned that Zp-rk(Gal(M
+/K∞)) =
D(K), a fact which is proved in all text-books.
Let M ⊂ Ω(K) be the product of all Zp-extensions of K and let Φ =
M− ∩ (H− ∩ ΩE). One can build an explicit map ρ : E(K)⊗Z Zp → E such
that Ker (ρ) ∼ Rad(Φ/K∞) and thus Zp-rk(Gal(Φ/K∞)) = D(K) while
reflection yields T ∗Gal(Φ/K∞) = 0. The extension Φ was for instance
investigated by Jaulent in [9]; we denote it the phantom field associated to
the Leopoldt conjecture.
The p-ramified, p-abelian, real extensions of K∞ are obtained as Kummer
extensions by taking roots of classes in A−, according to the point 2. in
Remark 1. In fact, if Ω+ = ΩX
−
is the fixed field of the minus part of
X := Gal(Ω/K∞), we have Ω
+ = K∞[(A
−)1/p
∞
]. Here K indicates that we
might have to adjoin first the roots of some expressions of the type ℘/℘,
with ℘ a principal prime of K∞ above p.
The galois properties of the Kummer pairing imply more precisely that
M+ ⊂ K∞[N1/p∞ ], and since TGal(M+/K∞) = 0, it follows that T ∗Rad(M+/K∞) =
0. Considering Y := Gal(K∞[N
1/p∞ ]/K∞) ∼= N•, it follows in fact that
M+ = (K∞[N
1/p∞ ])TY . By duality it follows that Rad(M+/K∞) ∼= N/(T ∗N).
There is an exact sequence of pseudoisomorsphisms:
1→ N [T ∗]→ N → N → N/(T ∗N)→ 1,
in which the central map is T ∗ : N → N . From this, we deduce
D(K) = Zp-rk(Gal(M+/K∞)) = Zp-rk(Rad(M+/K∞))
= ess. p-rk(N/T ∗N) = ess. p-rk(N [T ∗]).
We have thus shown that ess. p-rk(A−[T ∗]) = D(K) and for each L ⊂ M+
there is a sequence a ∈ A−(T ∗) \ T ∗A−(T ∗) with L = K∞[a1/p∞ ]. This
completes the proof of the Proposition 3.
The following useful fact was proved by Sands in [15]:
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Lemma 14. Let L/K be a Zp-extension of number fields in which all the
primes above p are completely ramified. If F (T ) ∈ Zp[T ] is the minimal
annihilator polynomial of L(L), then (F, νn,1) = 1 for all n > 1.
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ON THE VANISHING OF IWASAWA’S CONSTANT µ FOR
THE CYCLOTOMIC Zp-EXTENSIONS OF CM NUMBER
FIELDS.
PREDA MIHA˘ILESCU
Abstract. We prove that µ = 0 for the cyclotomic Zp-extensions of
CM number fields.
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1. Introduction
Iwasawa gave in his seminal paper [3] from 1973 examples of Zp-extensions
in which the structural constant µ 6= 0. In the same paper, he proved that
if µ = 0 for the cyclotomic Zp-extension of some number field K, then the
constant vanishes for any cyclic p-extension of K – and thus for any number
field in the pro-p solvable extension of K. Iwasawa also suggested in that
paper that µ should vanish for the cyclotomic Zp-extension of all number
fields, a fact which is sometimes called Iwasawa’s conjecture. The conjecture
has been proved by Ferrero and Washington [2] for the case of abelian fields.
In this paper, we give an independent proof, which holds for all CM fields:
1Free after Georges Moustaki, “Grand-pe`re”
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Theorem 1. Let K be a CM number field. Then Iwasawa’s constant µ
vanishes for the cyclotomic Zp-extension K∞/K.
1.1. Plan of the paper and notations. This paper is related to the pa-
per [4] on the Leopoldt conjecture for CM extensions and it maintains the
notations and terminology introduced there: we will not redefine any basic
object which has already been defined there.
The proof uses techniques based on inert Thaine shifts, and several re-
sults which have been proved in [4]. Based upon these results concerning
decomposition of Λ-modules and their growth, and using two new lemmas,
we derive a contradiction from the study of the µ-module induced in an inert
Thaine shift by some element of µ-type, assumed to exist in a CM extension
of Q.
If K is any number field, we write µ(c) for Iwasawa’s µ-constant for the
cyclotomic Zp-extension. We show
Fact 1. Let K be a number field for which µ(c)(K) 6= 0 and L/K be a finite
extension, which is galois over K. Then µ(c)(L) 6= 0.
Proof. We reduce the proof to the case of a cyclic Kummer extension of
degree p. If M ⊂ L has degree coprime to p, then Ker (ι : A(K) →
A(M)) = 0. LetM = LGal(L/K)p be the fixed field of some p-Sylow subgroup
of Gal(L/K). Then ([M : K], p) = 0 and thus µ(c)(M) 6= 0. We may assume
without loss of generality, that M contains the p-th roots of unity. Since p-
Sylow groups are solvable, the extension L/M arises as a sequence of cyclic
Kummer extensions of degree p. It will thus suffice to show that if k is
a number field with µ(c) 6= 0 and containing the p-th roots of unity and
k′ = k[a1/p] is a cyclic Kummer extension of degree p, then µ(c)(k′) 6= 0.
Let kn ⊂ k∞ and k
′
n ⊂ k
′
∞
be the intermediate fields of the cyclotomic Zp-
extensions, let ν generate Gal(k′/k). Let F/k∞ be an abelian unramified
extension with Gal(F/k∞) ∼= Fp[[T ]]; such an extension must exist, as a
consequence of µ(c) > 0. There is a δ ∈ k×
∞
such that F = k∞
[
δFp[[T ]]/p
]
. At
finite levels, Fn = kn[δ
Fp[T ]/p
n ] and we define F ′n = Fn[a
1/p] and let F
′
n ⊂ F
′
n
be the maximal subextension which is unramified over k′n. We have F
′
n ⊇ Fn
and thus p-rk(Gal(F
′
n/k
′
n)) ≥ p-rk(Gal(Fn/kn)) → ∞. Consequently, k
′
∞
has an unramified elementary p-abelian extension of infinite rank, and the
Artin isomorphism implies that µ(k′) > 0, which completes the proof. 
We shall prove the Theorem 1 by contraposition, starting with the as-
sumption that there exists a CM extension K with µ(c)(K) 6= 0. Based on
Fact 1, and using results from [4], we may assume that
1. There is a galois CM extension K/Q which contains the p-th roots
of unity and such that µ(c)(K) > 0.
2. We have TA−(K) ⊂ D−(K), where D(K) is the module of decom-
posed classes.
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3. For all x ∈ A(K) \MA(K) we have ord(x1) ≥ p
2 and if x ∈ L−(K)
then ιn,n+1(xn) = pxn+1 for all n > 0 while p-rk(Λxn) is constant.
The first condition is obviously achieved by taking the normal closure of K
and adjoining the p-th roots of unity. The second and the third conditions
are achieved after eventually replacing the base field by some intermediate
field in the cyclotomic Zp-extension.
If k > 0 is such that µpk ⊂ K but µpk+1 6⊂ K then we set the numeration
of the fields to be K = K1 = . . . = Kk ( Kk+1. We recall from Definition
3 in [4], that x ∈ A− is called of λ-, of µ- or of finite type, according
to whether Λx has finite rank, infinite rank and finite order, or is finite,
respectively. The modules L,M ⊂ A are the modules of elements of λ- resp
of µ-types, and they both contain by definition the finite type elements. In
the cyclotomic Zp-extension of CM fields we always have L
− ∩M− = 0.
Elements x ∈ A that split as a sum of an element of λ- and one of µ-type
are called decomposed and they build the module D ⊂ A, with [A : D] <∞.
1.2. Thaine shift and the main coherent sequences. We define here
the fields and modules which will be used for the proof. Let K be a galois CM
extension constructed as above. Let in particular a ∈ M−(K) \MM−(K)
a norm coherent sequence with ord(a) = pB = exp(M−(K)), B > 2 so
Λa ∼ Λ/pBΛ. There is some smallest integer ℓ which depends only on a,
such that
pja 6∈ T ℓpjA−(L) + pj+1A−(K) for all 0 ≤ j < B,(1)
and a can be chosen such that ℓ is minimal under all possible choices. We
can assume that the choice of K is such that we have Tx ∈ D−(K) for all
x ∈ A−(K) with pB+1x ∈ L−(K), with pB = exp(M−(K)). We assume
without loss of generality that B > 2, see also the remark at the end of the
next section.
Let m > k be some large integer, the size of which will be fixed in the
next chapter, and let q ∈ a
1/2
m be a prime which is totally split in Km/Q
and inert in K∞/Km and let F ⊂ Q[ζq] be the subfield of degree p in the
q-th cyclotomic extension and L = K · F be the inert Thaine shift induced
by q.The galois group F = Gal(F/Q) is a cyclic group of order p, generated
by ν ∈ F , and we write s := ν − 1. The algebraic norm
N :=
p−1∑
i=0
νi = pu(s) + sp−1 = p+ sf(s), f ∈ Zp[X], u ∈ (Zp[s])
×.(2)
The arithmetic norm will be denoted by Na = NL/K = NLn/Kn = NF/Q,∀n.
Then we may choose b = (bl)l∈N ∈ A
−(L) such that
A. Let Q ⊂ Lm be the ramified prime above q. Then bm := [Q/Q].
B. For all l > m we have N (bl) = al. In particular, a = N (b) and
pbl = al; sbl = 0 for l ≤ m.
C. If pB+1b ∈ L−(L) then Tb ∈ D−(L).
4 PREDA MIHA˘ILESCU
The last condition follows from Lemma 4 in [4]. Let B′n ⊂ A
−(Ln) be the
submodule spanned by the classes of primes that ramify in Ln/Kn. By
choice of L, these are the primes above q and consequently B′n = ιm,n(B
′
m)
for all n > m. Defining pb := exp(B′m) we have a fortiori p
bB′n = 0 for all
n ≥ m. The notation introduced here will be kept throughout the paper.
1.3. Auxiliary facts. We present a variant of a fact that was proved in [4],
providing a self contained proof.
Lemma 1. There is a sequence γ ∈ A−(L) such that
Ker (N : A−(L)→ A−(L)) = Λγ + sA−(L).(3)
Moreover, p-rk(H1(F,A−(Ln))) = [L
=
m : Q] and d = deg(ωm) is the smallest
integer with T dγ ∈ sA−(L). Finally, for any x ∈ Ker (N : A−(L′) →
A−(L′)) there is a h = h(x) ∈ A−(L) \ sA−(L), together a c ≥ 0 and
w ∈ A−(L) such that x = T cγ + sw, while
T p
m
h = s̟ ∈ sA−(L) and ph = sp−1ρ, ψ, ρ ∈ A−(L).(4)
Proof. Let q ∈ N be the prime below q; by definition, we have vp(q−1) = m
and O(Kn)/(q) ∼=
∏
g∈Gm
F
qpn−m
, with Gm = Gal(Km/Q) the galois group
acting on the inert prime qn := qO(Ln) and Fqpn−m
∼= O(Kn)/(qn) being
the corresponding subfield of the (unramified) Zp-extension of Qq.
The Hasse Norm Principle implies that x ∈ K×n is a norm from Ln iff it
is a norm at all the primes above q; the local norm defect is a subgroup of
order p in F×q [ζpn ] and a generator thereof may be identified with ξn, with
ξn ≡
{
ζpn mod qn and
1 mod gqn for all g ∈ Gm, g 6= 1.
(5)
Let rn := ξn/ξn andRn = Fp[Gn]rn+qO(K
×
n ). We claim thatH
1(F,A−(Ln)) ∼=
Rn. To see this, note first that pH
1(F,A−(Ln)) = 0 so H
1(F,A−(Ln))
is an Fp-module on which Gn acts. We next construct an isomorphism
ψ : Rn → H
1(F,A−(Ln)). The projections of interest will be denoted by
π : A−(Ln)→ H
1(F,A−(Ln)) and π
′ : K×n → Rn.
Let ρ ∈ Kn generate a prime (ρ) ⊂ Kn with ρ − ξn ∈ qO(Kn) and
which is totally split in Ln/Q, and let R ⊂ Ln be a prime above (ρ). By
definition, we have N (R1−) = (ρ/ρ) and R1− cannot be principal, since
otherwise ρ/ρ ∈ N (L×n ), which contradicts the choice of ρ and of ξn. We
obtain thus a map of Fp[G
+
m]-modules ψ : R
1−
n → H1(F,A−(Ln)). The
same argument shows that the kernel is trivial, since for ψ(r/r) = 1, the
above construction leads to r = 1. The map is also surjective: indeed, if
x ∈ Ker (N : A−(Ln) → A
−(Ln)) and X ∈ x then N (X
1−) = (u/u) for
some u ∈ L×n . Assume that the image v = u+ qO(Kn) verifies v = v; then
u/u ∈ N (Ln), so let N (X
1−) = (N (y)), y ∈ L×n . Then N (X
1−/(y)) = (1)
and there is an ideal Y ⊂ Ln with Y
s = X1−/(y). It follows that x ∈
(A−(Ln))
s and, denoting the image of x = x+(A−(Ln))
s ∈ H1(F,A−(Ln)),
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we see that x = 1 if there is an ideal X ∈ x with N (X1−) ∈ µpnN (Ln). This
implies that ψ is surjective, confirming the claim.
There is a norm coherent sequence γn ∈ A
−(Ln), n ∈ N such that γn ∈
H1(F,A−(Ln)) generates the Fp[Gm]-cyclic module. The claim follows by
noticing that one may choose a sequence ξn, such that the images π
′(ξ1−)n
are norm coherent. This completes the proof of the first claim, since
(p, ωm)H
1(F,A−(Ln)) = 0 for all n, while T
d−1γn = νm,1γn 6= 0.
Finally, let x ∈ Ker (N : A−(L′) → A−(L′)), let n′ be large and and
π(xn′) = g(T )γn′ + swn′ , wn′ ∈ A
−(Ln′). We claim that x − g(T )γ ∈
sA−; indeed, x − g(T )γ − sw ∈ νn′,1A
−(L) and for n > n′ > m we have
νn,1H
1(F,A−(Ln)) = 0, thus νn′,1A
−(L) ⊂ sA−(L), which confirms the
claim that x = T cγ + sw. The identity (4) is a direct consequence. 
We have the following strengthening of the previous result:
Lemma 2. Notations being like above, Ker (N : M−(L) → M−(L)) ⊂
sM−(L). Moreover,
Ker (s : A−(L)→ A−(L)) = ι(A−(K))(6)
Proof. We first prove that H0(F,A−(L)) = 0, which is equivalent to (6).
Consider x = (xn)n∈N ∈ Ker (s : A
−(L)→ A−(L)) and let N > m+n0(L).
If X ∈ xN then (X
s(1−)) = (ξ1−), for some ξ ∈ LN and N (ξ
1−) ∈ µ(KN ).
Since qm is inert in KN/Km, we have N (LN ) ∩ µ(KN ) ⊂ µ(KN )
p. We
may thus assume, after eventually modifying ξ by a root of unity, that
N (ξ1−) = 1. Hilbert’s Theorem 90 implies that there is some γ/γ ∈ L1−N
such that
Xs(1−) = (ξ1−) = (γ1−)s ⇒ (X/(γ))(1−)s = (1).
Consequently, the class xN contains a product of ramified ideals. Recall
that B′N = ιm,N (B
′
m) is spanned by the classes of the ramified primes and
pbB′N = 0. In particular xN ∈ B
′
N implies that NN,N−b(xN ) = 0. This
happens for all N sufficiently large, so Λx ⊂ A−(L) must be finite, which
is absurd: A− is free of finite torsion in cyclotomic Zp-extensions. This
completes the proof of (6).
We let γn ∈ A
−(Ln) be defined in the previous lemma. We show that
there is some x ∈ L−(L) such that x ≡ γ mod sA−. In view of (6), pγn =
−sp−1u−1(s)γn and assuming without loss of generality that ord(γn) > p,
we have Λ[s]γn ∩ A
−
n [p] ⊂ Ker (s : Λ[s]γn → Λ[s]γn) and there must exist
some non - trivial kn ∈ A
−(Kn)[p]∩ s
Nγn. Let g(T ) ∈ Zp[T ] be the minimal
monic, distinguished polynomial with h := g(T )γ ∈M−(L).
Let Kab := K∩Qab ⊇ Q[ζpk ] and Na = NK/Kab , while L
ab = Kab ·F. Then
Na commutes with ν and we define χ := Na(γ) ∈ A
−(Lab). Since L(ab) is
abelian, the Theorem of Ferrero-Washington implies that χ is an element
of λ-type. We may assume without loss of generality that the modules
A−n (K
ab) are stable beyond the base field, since this already holds for K,
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so let d = dn(χ) := p-rk(Λχn). We note that H
1(F,A−(L(ab))) is also a
cyclic Fp[Gal(L
(ab),+
m /Q)]-module which is annihilated by ωm but not by
ωm/T = νm,1. This follows from the arguments used in the proof of Lemma
1 for showing νm,1H
1(F,A−(Ln)) 6= 0, by using the fact that the prime
Q = q ∩ L
(ab)
m is totally split.
We claim that d ≥ pm−k = deg(ωm(T )). Indeed, if e := deg(fχ) ≤
deg(νm,1) < deg(ωm(T )) and π(χ) ∈ H
1(F,A−(L(ab))) then fχ(T )π(χ) =
T eπ(χ) = 0 and a fortiori νm,1π(χ) = 0, in contradiction with the choice
of χ. On the other hand, we assumed that h = g(T )γ ∈ M−(L) and thus
Na(h) = 0, also a consequence of the Theorem of Ferrero-Washington. Thus
Na(h) = Na(g(T )γ) = g(T )Na(γ) = g(T )χ = 0.
By the above, we must have deg(g) ≥ deg(ωm). But then h = g(T )γ ∈
sA−(L) ∩M− = sM−, as a consequence of Lemma 1. This completes the
proof of the first claim too. 
Remark 1. Let K be a CM extension with µ(c) > 0. We show that it
is possible to build a further CM extension L/K with exp(M−(L)) > p2.
We have shown that we may assume without restriction of generality that
µp2 ⊂ K. Let a ∈ M
−(K) and q ∈ a2, with a2 6= 0, be a totally split prime
which is inert in K∞/K2. Let L/K2 be the inert Thaine shift of degree p
2
induced by q, let b2 = [Q
(1−)/2] be the class of the ramified prime of L above
q and b = (bm)m∈N be a sequence through b2 and such that NL/K(b) = a.
Then b 6∈ L−(L) and there is some polynomial f(T ) ∈ Zp[T ] such that
f(T )b ∈ M−(L), while NL/K(f(T )b) = f(T )a. Since L/K is a Kummer
extension, the capitulation kernel Ker (ι : A−(Kn) → A
−(L)) is Zp-cyclic.
Consequently ord(Tf(T )b) ≥ p2ord(a) and thus exp(M−(L)) > p2.
2. On the vanishing of µ
The idea of the proof is simple: since sbm = 0 we have sb = νm,1x
for some x ∈ A−(L). Imagine that we had b = νm,1y + sz: this would
immediately lead to a contradiction to the choice of a. A careful work with
the Tate cohomologies show that reality is quite more complex, but there
is a contradiction of this very quality, which follows from the assumption
µ−(K) > 0. By reflection, it follows also that µ+(K) = 0.
Recall that decomposition is granted in TA−(K), but in A−(L) it depends
upon the exponent of M−(L). The following result is a partial indication
for unconditional decomposition in L.
Lemma 3. Let b ∈ A−(L) \ Ker (N ); then either Tb ∈ D− or pN (b) ∈
L−(K).
Proof. Let pB = exp(M−(K)) and b ∈ (M−(L)∩B)\M(M−(L)) have norm
a = N (b). We shall show that pB+1b ∈ L−(L), possibly unless pa ∈ L−(K).
In the first case, the choice of K implies that Tb ∈ D−(L), which will confirm
the statement of this lemma.
VANISHING OF µ 7
Herewith, the claim of the lemma is that if pa 6= 0, then ord(b) ≤ pord(a).
We assume that b ∈M−(L), which can always be achieved upon multiplica-
tion by a distinguished polynomial, and without modification of the L-order
of the element 1 – according to ordL(x) = ord(fx(T )x).
We choose N large, so that ord(b) = ord(bN ) and N > k and consider
the module BN := Zp[s]bN ⊂M
−
N (L); we write for simplicity B := BN only
in this proof. Letting A = ZpaN = ZpN bN , we obtain the couple (A,B)
which is a Zp[s]-module transition; the galois action relates the p-rk(B) to
the growth factor ord(bN )/ord(aN ) in a way which we analyze below.
Since sN = 0, there is a minimal monic, distinguished annihilator poly-
nomial f(s) ∈ Zp[s] of bN and its degree is deg(f) < p. Moreover, ord(bN ) ≤
exp(M−(L)) is uniformly bounded for all N , so |B| ≤ exp(M−(L))p is uni-
formly bounded. The subgroup B′N ⊂ ιm,N (A
−(Lm)). We claim that for N
sufficiently large we always have B ∩ B′N = 0. Assume this is not the case
and let x = g(s)bN = σι(bm) ∈ B
′
N ∩R. Since rm = σbm is fixed by ωm, we
have xN−b = NN,N−b(x) = g(s)bN−b = p
brm = 0 for N > 2(m + b), say. It
follows that g(s)b ∈ νN−b,1A
−(L). However, Zp[s]b is a finite module, since
it has finite p-rank and we assumed b ∈M−(L) so it has finite exponent too.
Therefore, for sufficiently large N , we have νN−b,1A
−(LN ) ∩ Zp[s]bN = 0,
which confirms the claim B ∩B′N = 0.
It follows that |H0(F,B)| = 0 and sinceB is finite, |H1(F,B)| = |H0(F,B)| =
0 too. In particular B/pB and B[p] are both Fp[s]-cyclic modules. Let
d = p-rk(B) and b ∈ B/pB be the image of bN , so (s
ib)i=0,d−1 have inde-
pendent images in B/pB by definition of the rank, and span B as a conse-
quence of the Nakayama Lemma. Therefore sdb ∈ pB and there is a monic
distinguished annihilator polynomial f(s) = sd − peh(s) of bN , with e ≥ 0
and h a polynomial of deg(h) < deg(f) ≤ p, which is not p-divisible.
If d < p− 1, then e > 0 and
aN = N (bN ) = pu(s)bN + s
p−1bN = p(u(s) + s
p−1−dpe−1h(s))bN
= pv(s)bN , v(s) ∈ (Zp[s])
×,
so aN = v
−1(s)aN = pbN , thus ord(bN ) = p · ord(aN ), and we are done.
If d = p− 1, then sp−1bN = p · (p
e−1h(s))bN and thus
aN = (pu(s) + s
p−1)bN = p(u(s) + p
e−1h(s))bN
and if the expression in the brackets is a unit, we may conclude like before.
Otherwise, e = 1 and h(s) = −1 + sh1(s). We obtain, after clearing singu-
larities, a = sc
′
pd
′
h2(s)bN with c
′ > 0, d′ ≥ 0 and h2 ∈ Zp[s] with h2(0) 6= 0
and not p-divisible. We obviously have paN = N (aN ) = N (O(s)) = 0, so
we are in the exceptional case paN = 0, which completes the investigation
of the case d = p− 1.
Finally, suppose that d = p. There is an exact sequence of Fp[s]-modules
1 → B[p] → B → B/pB → 1 in which B/pB is cyclic generated by bN .
1For x ∈ A− we define the L - order by ordL(x) = min{p
e ≥ 1 : pex ∈ L−}
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It follows that B[p] is also Fp[s]-cyclic. Since d = p, we have p-rk(B) = p
and sp−1bN = aN − pbNu(s) 6∈ pB; in particular aN 6∈ pB. If paN = 0 or
pord(aN )bN = 0 there is nothing to show, so we assume that ord(aN ) = q
with vp(q) > 1 and ord(bN ) = p
eq, e > 1. We note that ord(sp−1bN ) = p
e−1q,
since sp−1u−1(s)bN = −pbN −aN has annihilator p
e−1q. There is thus some
0 ≤ j < p − 1 such that ord(sjbN ) = ord(bN ) > ord(s
j+1bN ) = ord(bN )/p.
Let
F0 := {qp
e−1sibN : i = 0, 1, . . . , j},
F1 := {qp
e−2sj+ibN : i = 0, 1, . . . , p − j − 1} ⊂ B[p],
and F = F0 ∪ F1. Then Fi ⊂ B[p] are Fp-bases of some cyclic Fp[s] sub-
modules F0, F1 ⊂ B[p]. We have dimFp(F0) + dimFp(F1) = p = dimFp(B).
Since for each x ∈ B[p] there is some y ∈ B/pB with x = ry and r ∈ pN we
conclude that F0 ∪ F1 ⊃ B; therefore B = F0 ⊕ F1 as an Fp-vector space.
Note that
0 6= (q/p)aN = qbN + (q/p)s
p−1u−1(s)bN ∈ B[p][s];
upon multiplication with pe−1 we obtain 0 = qpe−2aN = qp
e−1bN+qp
e−2(sp−1+
O(sp))bN . SinceB is Fp[s]-cyclic and s
p−1qpe−2bN ∈ F1[s], we have s
pqpe−2bN =
qpe−1bNv(s), v ∈ (Fp[s])
×. Assembling these relations we obtain
0 = qpe−2sp−1bN + f0, f0 ∈ F0.
This implies qpe−2sp−1bN ∈ F0 ∩ F1, which contradicts the rank condition
established previously, and completes the proof. 
We let now a, b be as described. Since we assumed that ord(a) = pB > p2
and this order is maximal in M−(K), it follows that pN (b) = pa 6∈ L−(K).
The Lemma 3 implies that Tb ∈ D−(L). Assume first that we even have
b ∈ M−(L), so bλ = 0 and bµ = Tb. Then sbm = 0 implies, by Lemma 1,
we have Tsb = ωmd with d ∈ A
− ∩ Ker (N : M− → M−). Thus d = sd′
by Lemma 2 and s(Tb − ωmd
′) = 0. Since Ker (s) = A−(K), it follows
that Tb = ωmd
′ + y, y ∈ A−(K). The norm yields Ta = ωmN (d
′) + py ∈
(TP , p)A−(K), P = deg(ωm). For sufficiently large m, this contradicts the
choice of a.
The simpler case b ∈M−(L) readily illustrates the approach of our proof:
assuming some a ∈ M−(K) chosen appropriately, we find a deformation
b ∈ A−(L) in an inert Thaine shift, which has norm N (b) = a and such that
sbj = 0 for all j ≤ m and m fixed, but arbitrarily large. The choices of a
and b reveal eventually a contradiction which shows that M−(K) = 0. By
Kummer duality, if follows that M+(K) = 0 too, so M(K) = 0, which will
complete the proof.
The case when b is undecomposed is more complex, but will be led to the
same type of contradiction, using the Lemma 3. We shall make repeatedly
use of the fact that A−(L) has no finite torsion submodule, in the proof
below. This implies that L−(L) ∩ M−(L) = 0 and if c(T )x ∈ M− for
c(T ) ∈ Λ \ pΛ, then x ∈M−.
VANISHING OF µ 9
Proof. In this case we still have sbm = 0. By Iwasawa’s Theorem 6 (also
Lemma 2 in [4]) there is a x ∈ A−(L) with sb = νm,1x and νm,1N (x) = 0, so
Sands’s result Lemma 15 in [4] implies that x ∈ Ker (N ). An application
of Lemma 1 implies the existence of c ≥ 0 and d ∈ A−(L), such that
x = T kh+ sd and thus sb = νm,1T
ch+ νm,1sd and T
c+deg(νm,1)h ∈ sA−(L).
We may assume that νm,1T
ch = g1(T )ψ, with ψ defined in Lemma 1. We
obtain
s(b− g1(T )ψ − νm,1d) = 0 ⇒ b = g1(T )ψ + νm,1d+ y, y ∈ A
−(K).
After applying T to the above identity and using the fact that Ty, T b are
decomposed, we obtain:
δ := g1(T )Tψ + ωmd = (bλ − yλ) + (bµ − yµ) ∈ D
−(L).
We have in fact pB+1δ = pB+1T (b− y) ∈ L. We claim that pB+1d, pB+1ψ ∈
L−(L) too. Indeed, let F (T ) be a distinguished polynomial of minimal de-
gree such that ψ′ := F (T )ψ, d′ := F (T )d ∈ M−(L) and g(T ) = Tg1(T ).
Then δ′ := g(T )ψ′ + ωmd
′ is such that pB+1δ′ ∈ L−(L) ∩M−(L) = 0, i.e.
δ′ ∈ M−(L)[pB+1]. Assume that ψ′ 6∈ M−(L)[pB+1], so d′ 6∈ M−(L)[pB+1]
either. Let f = deg(F ), P = deg(ωm), e = deg(g(T )); from TF (T )a =
N (δ′)− pTF (T )y and the definition (1) of ℓ, we see that deg(g) ≤ ℓ. How-
ever, if pB+1+j = ord(ψ′) then pB+j(δ′) ∈ M−(L)[p], while pB+jg(T )ψ′ 6∈
T ℓ+1M−(L)[p] by choice of ℓ and due to pB+jωmd ∈ T
PM−(L)[p]. There-
fore pB+jδ′ 6= 0, while we know that pB+1δ′ = 0: it follows that j = 0,
which confirms our claim, and thus pB+1ψ, pB+1d ∈ L−(L). If we could
argue that L−(Ln) is stable from the first level, we could deduce from this
that Th, Tψ ∈ D−(L). However, L depends on the choice of m and this the
rank stabilization is not fixed by K. We must take a different approach and
show first that the claim follows if we assume that
Td, Th ∈ D−(L).(7)
Then Th = hλ + hµ ∈ D
−(L). Since h ∈ Ker (N ), we see that N (hλ) =
−N (hµ) and the separation of λ and µ-parts yields N (hµ) = 0, so the
Lemma 2 implies hµ = sw,w ∈M
−(L).
In this case Tsb = s(bλ + bµ) = νm,1(g1(T )hλ + g1(T )hµ + sdλ + sdµ)
and thus s(bµ − νm,1(dµ + w)) = 0. The vanishing of Ker (s) yields bµ =
νm,1(w + d) + y, y ∈ M
−(K). Taking norms again, we obtain the same
contradiction as in the case b ∈M−(L).
The claim of the Theorem follows herewith, if we show that (7) must hold.
We shall relate the sequences d, ψ to a,A−(K). Since we have shown that
pB+1ψ, pB+1d ∈ L−, it follows that pB+1ωnh ∈ L
−(L) and thus pB+1h ∈ L−
too. By Lemma 3, the condition (7) is thus true unless pN (ψ) ∈ L−(L) or
pN (d) ∈ L−(L); we have to investigate therefore these two cases. In either
case we have
p(bλ + bµ) = p(δλ + δµ) + p(yλ + yµ),
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and since N (bλ) = Taλ = 0, we have
pTa = pN (δµ) + p
2yµ = p(g(T )N (ψ) + ωmN (d)µ) + p
2yµ;(8)
The above identity being one of µ-parts, it follows that if pN (ψ) ∈ L−(K)
then pN (δµ) = pN (ωmd)µ and pTa = p(ωnN (d))µ + p
2yµ. Consequently,
pTa ∈ pTPA− mod (p2A−(K)) which contradicts the choice of a and ℓ. This
eliminates the case pN (ψ) ∈ L−(K).
It remains that pN (d) ∈ L−(K) and pN (ψ) 6∈ L−(K). We have shown
after (7) that Th is decomposed and hµ = sw;w ∈M
−(L). We do not know
whether d is decomposed, but certainly ωmd is. And for its µ-part we have
(ωnd)µ ∈ T
PA−(L) + pA−(L) while p(ωnNd)µ = 0, since pN (d) ∈ L
−(K).
Using this we find
Tsb = Tνm,1(g(T )h + sd), hence
sbµ = s(νm,1(g(T )w + (νm,1d)µ)) so
pN (bµ) = pνm,1N (g(T )w) + (pN (νm,1d))µ + p
2yµ
= pνm,1N (g(T )w) + p
2yµ = pTa.
Consequently pTa = pνm,1N (g(T )w) + p
2yµ. It follows in this case that
pa ≡ pg(T )TP−1 mod p2A−(K), which likewise contradicts the definition of
ℓ. This completes the proof of µ = 0. 
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